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Abstract 


Minimum execution time scheduling of task systems with resources has been the subject of several 
papers over the past few years. The model used for much of this work assumes that the resources in the 
system are continuous. That is, there is one unit of cach resource, and a task may require any portion of 
that unit during its execution. While this is a reasonable assumption for certain bin packing applications, 
it is intuitively unreasonable for certain other applications. In particular, the resources associated with 
computer systems - readers, printers, disk drives - are not “continuous” resources. We present an 
alternative model of task systems with resources in which the resources are discrete. That is, there are a 
specific number of indivisible units of each resource and a task may require only integral numbers of 
those units. Several results involving the worst case performance of list scheduling and critical path 
scheduling with respect to this model are given. A new result on critical path scheduling of task systems 
with continuous resources is also given. . Finally, a comparison will be made between corresponding 
bounds for the continuous and discrete models. 
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Chapter 1: Task Systems 


Over the past fifteen years one of the most active areas of computer acienceand) industrial 
cneneenns research has been the scheduling of large systems. This reecarch has been motivated both by 
the existence of large industrial scheduling problems and by the existence of high speed digital 
computers to solve those problems. Moreover, the models uscd to study these scheduling problems have 
attracted great thcoretical interest, and as a result, an immense quantity of rescarch has bees die on 
them. | | 

In general, a scheduling problem is of the following form: Given a set ct of tasks vet need to be 
completed, produce a schedule of minimum “Jenath for Comping those tasks. Often, there are a 
number of constraints placed upon the form that the anenile may take. For example some tasks may 
need to be completed before others can be started, or there may be a limit on ne number of tasks that 
can be "in progress” at any given time, or some tasks may require longer to pear than others Many 
types of constraints are possible. 

_ It should be apparent, even from the informal description given above, that the scheduling of 
systems of tasks is “sot trivial, and that ad-hoc methods have almost sachang: of producing even near 
optimal schedules, much less optimal schedules. The obvious approach then is to formulate a standard 
set of rules (hopefully, a good sct) for producing schedules: indeed the qa sad casita of algorithms 
for scheduling has been the primary area of research concentration. For some classe of task sain fast 
algorithms have been developed which produce optimal schedules for those alate, For other classes of 
task systems, it has been shown that finding algorithms which produce ‘tin schedules in a reasonable 
amount of time is unlikely. For these classes of task spaces the acai had focused on producing 
good, polynomial time, heuristic algorithms. That is, ataoiithms which, in a reasonable amount of time, 


produce good, though not necessarily optimal, schedules. In conjunction with this, the performance of 
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various simple and/or fast scheduling. algorithms has been. analyzed, so as to provide a performance 
“penchmar " that more complicated algorithms can be Sees & to. 

In this chapter we define ‘the notions of a task system, of a schedule, aad of a number of elated 
concepts that we wil use throughout this iieceda? We also sive a munmeey < of the mae + results peraining 
to the basic task system anibdel which we describe here, OO 
L The basic task system model 
A task system is a system S = <T, <, m> where: 

LT iT), 1 Ty} is a set of tasks - associated with Tj isa postive integra} execution time Tj 

2. < is a partial order specifing precsdsnss sonata between me tasks 

3. There are m identical processors. : | 
With respect to the precedence constraints, we have he flowing definitions: od Tj < Ty then Tj} isa 
suscessor of Tj, and T; is a predecessor of Tj. We wil rentesent the para order ‘by a directed sect 
Sank (dag) with one node for ich task ando one arc c for each relation i in the paral order. We assume that 
there are no transitive bia in the dag. Two ee of task syne are given in Figure 1 1 1 -- "one is a 
fully gencral task system and the other i is a task system in which all of the tasks have an execution time ie of 
one. 
A valid schedule fora task system S, a mappings: T= (N- (mc tae 

bi For all /€ (N- {0}), m > |{T; € of) $< off) + Tj “Oh 

2. IT; < Tj, then o(T;) +7; iM oftp 
These two conditions ii is to our intuitive notion of what constitutes a a schedule: that the tasks be 
executed on m processors ‘ibe to the precedence constraints. More : specially, the fi rst condition 
ensures that at most m processors are in use at any an: time. The Sieokil condition ensures that the 
precedence constraints are not violated. That i is, if T; < T}. then Tj must have completed execution a bene . 


Tj can begin execution. 


| -i- 
Figure 1.1: Basic task systems 
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a) A task system with 3 processors and 7 tasks. The task execution times arc given beside the tasks in 
the dag. 


<7 I 
| 


O 


| Mm = 2 processors. 
G 
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b) A task system with 2 processors and 13 tasks. Each task has an execution time of one. 
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Figure 1.2: Valid schedules 


Time unit: 


a) A valid schedule for the task system given in Figure Ja. Cross-hatching is used to indicate idle 
processors. The mapping o is not given explicitly. 


Schedule: aTpretcteron ys 
MA Da PAT EZ 
Time unit: 1 12 Bi 


OTT 


b) A valid schedule for the task sytem given in-Figure 1.1b, 
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Given a valid schedule, we define for each i € (N - {0}), the set B = {T; € T: o(T}) Si < o(T}) + 
ie 1}. Also, let w = min{i : (Nj> iB; = B]}. The schedule has length «, and consists of the w time 
units B), ..., B,,. For each time unit B; _if IB; | < m, then B; has m - ii idle processors, inaulver: we 
assume that the processors are numbered from 1 to m, and that procesois thro IB, il have tasks 


4F 


executing on them and that processors |B;| + 1 through m are idle. Examples of valid iis for the 
task systems in Figure 1.1 are given in Figure 1.2,” | : 

Finally, we note that there are a number of criterion for determining the "goodness" of a schedule. 
The most widely used, and in many senses the most neice, ‘is that of minimizing the schedule length. 
This criterion is refered to as the mininum execution time at latest Hoga time critefion. ans is the 
measure of optimality that we use throughout this thesis ° : 
1.2 Common submodels | 

The model of task systems Sreseaied above provides acatag sei for virtually al theoretical 
scheduling research. This model has proven’ frowever, to be cxtreiticly difficit 10 ‘deal with in its full 
generality. | Moreover, many practical applications are most effectively analyzed using various 
submodels of the model given above. Most of the research has focused on tio particular submodels of 
the basic task system model. These submodels are; 

1. Task systems where < is cmpty. That is, there: aro presogence soon i in the system. 

2. Task systems where all of the task execution times a are identical. Th this ¢ case we assume without 

loss of generality that cach 1; = 1. Thesc ae unit asetion sme (VET) ast systems. 

With the one of Chapter 7, we will deal aciaavely with UET task systems in this thesis. 

In this section we describe the three typcs of schedules which we vat uae. 


List schedules are the most basic of the schedules which we will examine. They arc of particular 


Ske 
interest not only because of their simplicity, but also because most intetesting scheduling algorithms 
produce schedules which form a subclass of the list schedules. Intuitively, a list schedule is formed as 
follows: Consider any (ordered) list L, of the tasks in 7. ‘The tasks are scheduled as follows: Whenever a 
processor becomes idle, the list L is instantanenualy ca ha its igitining until a task T (if any) is 
found all of whose predecessors have completed execution. Task T is assigned to the idle processor and is 
removed from L. 

More formally, a task T; is ready at time / if for every Tj such that T j <T;, o(T: } + T° 1 ra A list 
schedule is a valid schedule which is generated as follows: 
1. Initially, L is an (ordered) list of the tasks in Tand lisl, —- 
2. While L is nonempty perform this step 
a Letk = [{Tj€L: of) $1< o(T) + 14-111 
b. For each of the first m - k (or less, if there aren’t m - k) ready tasks us on L at time J, let 
o(T;) = Jand remove Tj from L. | 
c. Let? = 1 + min {a(T;) + 7-1: T, € Land off) + 47> 4. 
Figure 109 ahawe an Gearple oP alla whoinle torine UET iseivacet aieetn Figure L.lb. 
List schedules are particularly attractive when dealing with UET task systems. In this case the 


restriction that only list schedules (and subclasses of list schedules) be considered as: possible schedules for 


the task system causes no loss of generality. To sce this; cansider any s¢hedule for a UET task system, 


and assume that schedule consists of time units B), ... » By. “A schedule with length no more than 
results from the list consisting of the tasks in By. followed by the tasks'in 84, followed by the tasks in B3, 
and so on, ending with the tasks in B.,. Figure 1.4 shows that it is not gencrally truc for non-UET task 
systems that there is always a list schedule of minimum length among all schedules for the system. 

Finally, for list schedules, note that given a list 1, the corresponding schedule (i.c. the mapping a) is 


uniqucly determined. For this reason, it is common practice when dealing with list schedules to simply 
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_ Figure 1,3: A list schedule for the task system in Figure 1.1b. - 


A list schedule: . 
Lit: (AB CDE F) 


Schedule: [ATC] D]B]F] 
BI BYVAL 
Time units: 1?2"°3 "4 °§ 


In fact, o(B) = 1 in every list schedule for this system. 
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give the list L, along with an informal description of the underlying:echedule. The mapping ¢ is not 
formally specified, because it tends to obscure, rather than illuminate, the nature of the schedule, 
Throughout this thesis we will follow the practice of iad ing oily tbe list and not the mapping o. 

Critical path schedules are one of the most widely studied subclasses of list schedules. Intuitively, 
these are schedules in which the tasks are ordered within the tist according. to their distance from a leaf of 
the dag which represents the precedence structure (a leaf is a node with no sycorssors). The. idea is thet 
tasks far from the leaves should be executed first. a . | 

More formally, the level of a task in n the setiedanes structure aay be defined as follows: If Tj - has 
no successors, then level(T;) = 1; otherwise, leve(T;) = L + - maalovl: t < 4p A critical path 
schedule is a list schedule derived from a list having the. pea that for any two tasks ig and s if 
level(T) > level(S), then T precedes S on the list. Because the list contains ie tasks otesd per to 
their levels, these schedules are also called level schedules, An nae of a critical Pah schedule is given 
in Figure 1.5. is 

As noted above, critical, path schedules have been. studied extensively, They are of substantial 
practical and theoretical interest for three reasons:. ” First, the method is inuitivey spacing. Second, 
the method is applicable to any system having precedence constraint: Third: these. schitdules a are easy to 
construct - using breadth first search the list can be constructed i in time finear with the number of edges in 
the dag representing the precedence constraints. ia Raia ii 
13.3 Coffman-Graham scheduling 

Coffman-Graham schedules are the third class of acnagy te we pele bag ‘Whedules, are a. 
subclass of critical path schedules in which the tasks of cath ove. ‘ate ordered ina ‘particular way. 
Specifically, Coffman-Graham schedules are a class of list schedules for which the list is formed according 


to the following rules: Each task is assigned a label as follows: 
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Figure 1.5: Critical path schedules 


ibe 


‘The numbers beside the tasks are the levels of the tasks, 


Critical path lis: (AB C EDF GHI J KL ™M) 


“om = 2 processors 


L2 M1 
The numbers beside the tasks are the Coffman-Graham labeJs of the tasks. 


Coffman-Graham list: (B A DEC HGF I J K L-:M. 


a7 

1. Select a task which has-no successors and assign label 1 to that task. 

2. assis that labels 1, ...,i- 1, have already been assigned. For each unlabeled task T, all of 
whose successors have. been labeled, form a. list (in dsociis order). of the labels of T's 
immediate successors. Assign label i to the task whose list:is lexicographically the smallest. - 

The list used to. do the scheduling contains the tasks in decreasing order of their labels. An example of a 
Coffman-Graham labeling and the corresponding schedule are given ia Figure 1.6. 

These schedules were first investigated by Coffman and Graham [CG] in conjunction with UET 
task systems where m=2. As we note-in the next section, Coffmaa-Grabam schedules are guarantced to 
~ be optimal in this limited case, while list and critical path schedules are not. . Since the initial work of 

Coffman and Graham, these schedules have been investigated by: several.other researchers, including 
Lam and Sethi, Goyal, Leung and Jaffe [LS, Go, Le, Ja]. In general, the mathematical properties: of 
Coffman-Graham schedules make them easier to analyze than the more general. case of critical ath 
schedules. However, because Coffman-Graham schedules are a subclass of critical:path schedules, certain 
results about Coffman-Graham schedules - in particular, lower bounds on worst case performance - can 
be applied to critical path schedules.as well.. We will make use.of this relationship in Chapter 5. 

14 A survey of major results 

In the remainder of this chapter we survey the major results. pertaining to ihespniaionine execution 

time scheduling problem for the basic task. system model. and to the three types of schedules which we 
utilize, . These results are basically of two kinds: cither they are NP-completeness. results, sherefore 
~implying that fiading. algorithms which produce. optimal schedyles.ia.a reasonable amount of time is 
unlikely; or they a bounds on the worst case performance. of Jist, exitical path: or-Coffman-Graham 
scheduling. We first bricfly review the notions of NP-completencss. . - 

14.1 NP concepts. 


Throughout this thesis a recurrent concept is the notion of a problem being NP-complete or 
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NP-hard. In this section we give a brief description of these ideas. The reader is refered to the book by 
Garey and Johnson [GJ79] for a detailed discussion. 
The set NP consists of all languages which can be recognized by a‘nondeterministic Turing machine 
in polynomial time. Similarly, the set P consists of all languages: which ‘can be recognized by a 
‘deterministic Turing machinc in polynomial-time. It is not known dle Cadets contained in NP. 
A language L, in NP is NP-complete is the follewing condition is satisfied: 
‘Given a deterministic algorithm of time complexity Tin) > n for recognizing L,, for each 
language L in NP, there is an effective way to find:a deterministic algorithm of time complexity 
Tip(n)) for recognizing ‘L, where p is a polynomial depetiding on LE: 
‘Clearly, if any NP-complcte language is in P, then P = NP. © The usual method of showing ‘that a 
language L,, is NP-complete Is to show that: 

1. L, isin NP 

2. There exists an NP-complete fanguage L, which is redueible to 1, in- detertninistic polynomial 
A language for which the second condition can be shown, but: not the first is NP-hard. The recognition of 
such languages is at least as hard as the recognition of NP-complete languages. 

‘Finally, we note that it is widely betieved that P # NP. This-belief springs from the fact that there 
has been an immense amount of time and energy devoted to’ findmg’a polynomial time algorithm: for 
NP-complete problems. Morcover, it is generally acknéwiedgod that obtaining. lower bounds on thine 

‘complexity are among the hardest-types of results to obtain. This may heip to explain. why no one has 
been-able to sherw P-# NP, even though most researchers believe that: “the vase, ‘Thus, there is-strong 
evidence that polynomial time algorithms for obtaining sofations to NP-compicte problems do not éxist. 


This leaves us to concentrate on the performance of heuristic algorithms for these problems. 
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14,2 NP results 

There are two important NP-completeness results. pertaining to finding minimum length schedules . 
for task systems 

For UET task systems with m processors, Uliman [U73,.U75; U76].has shown that finding 
minimum length schedules is NP-opmplete. Lenstra and-Kan [LK] have-shown the same result using a 
different construction. A major open problem.is whether this-result is true for any. fixed m > 3. - That is, 
whether, for any fixed number of sitions m => 3, finding. minimum. length schedules for UET task 
systems with m processors is NP-complete. :As mentioned.earlicr, when m. = 2, there is a polynomial 
" time algorithm for finding minimum fength schedules. Also, if the precedence:coastraints are restricted 
to a forest, then there is a polynomial time scheduling algorithm. Both of these results are given in the 
next section. 

For task systems with unrestricted task execution times end no__-precedence coastraints,. Bruno, 
Coffman and Sethi [BCS] have shown that finding minimum. length: schedules is NP-hard even for 
systems with just two processors. 

Finally, both Ullman [U73, U75, U76] and Lenstra anid Kan {:K]:have shown-the following: That 
finding minimum exccution time schedules for task systems with two processors, precedence constraints, 
and task exccution times restricted to be cither 1 or 2, is NP-complete. - | 
1.4.3 Performance results 

As evidenced by the NP-completeness results given-in: the previous. section, for most intercsting 
scheduling problems it is unlikcly that polynomial. ioe algorithms oxist which produce optimal 
schedules. For this reason, most of the research: attention has heen. on. analyzing the performance of 
~ various heuristic scheduling methods. Almost all of these results invelve-worst case pesfermance. That is, 
an upper bound is given for the ratio of the length of a: schedulc.of a particular type (for instance, a list 


~ schedule) to the length of an optimal schedule for the: same task system. .In this:survey we restrict our 
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attention to the worst case performance of list, critical path and Coffman-Graham schedules. Again we 
‘note that most useful scheduling algorithms can be formulated: as algorithms which produce schedules 
which ae a subclass of the list schedules, and that critical path and Coffman-Grahami schedules: have 
- properties which make them particularly attractive, botly dheoretically and practically. 

* Many of the-results ‘which we cite are also the best possible results. “Phis means that the result is 
both an upper and lower bound on the worst case ratio between the length of a’schedule of the particular 
type and the length of an optimal-schedule. ‘Fhat is, there:exists-a task system, a'schedule of the particular 
type and an. optimal schedulé for that task system, such that the ratio of die schedule lengths is arbitrarily 
close to the upper bound. - 

Throughout this thesis, given.a task system S, we'use the : following four values when citing various 

results: . 

OPT is the length of an optimal'schedule for S - 

LIST is the maximum length of any list schedule for S 

CPATH is the maximum length of any critical path schedule for S 

CG is the maximum length of any. Coffinan‘Graham: schedule for S$. 
Before actually giving any results, we note that there are two excelent: ‘references for the ‘interested 
reader. Most of the major results cited in this and the. previous seetion are. given a full treatment, 
including proofs, in the book by Coffman [C]. Secondly, a near exhaustive listing of scheduling results 
for many kinds of task systems and scheduling’algorithms is given in {GLLK], 

*. ‘The most extensive rescarch with regard to the schedules that we arc considering has been done for 
UET task systems. Some of the carliest work was done by-Grahim [G66] who:showed that LIST/OPT 
< 2- 1/m, and that this is the best possible result. Chen {Ch} has shows that CPATH/OPT  < 473 ifm 
= 2 and that CPATH/OPT <2- 1/(m - })if'm > 3. Each portion of this bound is the best possible. 


This result shows that critical path schedules: have slightly ‘better worst ‘case behavior than do list 
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schedules in the gencral UET case. If the precedence. structure.is restricted to a tree, Hu [H] shows that 
critical path schedules are optimal. 

With ce to Coffman-Graham schedules and, the UET case, there are two major results. If m = 
2, then Coffman and Graham [CG] have shown that: these schedules:are optimal... If mt. > 2, then Lam 
and Sethi [LS] have shown that CG/OPT < 2 - 2/m, and thatthis: is the best.possible result. An 
alternative method of producing optimal schedules when m-= 2.és.given by Fujii, Kasami and Ninomiya 
[FKN]. This method is based on maximal matchings and has. not been generalized for-systems with more: 
than two processors. . 

With respect to task systems with no precedence constraints and arbitrary execution times, there are 
several interesting results pertaining to. list scheduling. Graham [€566)-has shewn that: in this instance, 
LIST/OPT § 2- 1/m, and that this is the best possible result. ‘This.is exactly .the same bound as was 
given for LIST/OPT in the UET case. In fact, Graham [G66] has shown that this ‘same bound diolds, - 
even for task systems with both precedence constraints and unrestricted task execution times. Graham 
[G69] has also shown the following result. which explicitly incorporates the task execution times: 
LIST/OPT < 1 + (m- Ifmax{r; : Tj¢€ THz, € 77;)- Note that both Coffman-Graham and critical 
path schedules are equivalent to list schedules in this context because there are no precedence constraints. 
There are, however, a number of other types of schedules which have been studicd for this submodel. 
Most of these are subclasses of list schedules in which the tasks are ordered in the list based on the task 
execution times. Again the reader is refered to [C] and [GLLK] for a thorough treatment. 

L5 Extensions 

For many practical applications the basic task system model presented here has proven to be 
insufficient. For this reason, and out of theoretical curiosity, a number of extensions to the basic task 
system model have been investigated. 


One major area of research in this regard has been the study of preemptive scheduling. In this 
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extension, a task may be interrupted during its execution and then continued later in the schedule. For 
UET systems, this produces no new results, however for systems where‘task execution ‘times are not 
ween this is an interesting and powerful extension. A large number of resutts have been obtained on 
preemptive scheduling, many of them analogous to the results cited in the previous-section. Most of these 
results may be found in [C] and [GLLK]. | | 

Other extensions to the basic model include the: following: Liu and: Liu [Li] and Jaffe {Ja] have 
investigated task systems with processors of different types ~‘each task spceifies the type of processor that 
it must execute on. Ibarra and Kim [IK], Kafura and Shen [KS] and Jaffe [Ja] have investigated task | 
systems where the processors have different'speeds. Lloyd has-studied UET task systems where cach task 
- . may require more than one processor during its execution. These results ate presented in Chapter 8. 
Finally, a number of researchers have investigated: task systems with resoiirces. ‘These systems are the 


main focus of this thesis. 
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EGE many practical acpeduling prope the basic tial system model pices in et lis 
inadequate For these problems, the at ionliande bounds for the basic model are neither accurate nor 
informative. Intuitively, the basic model does not take enough of the carguclers of ieee problems into 
consideration to provide good bounds. For fnituace. consider the following three scheduling problems: 

1. A computer system has associated with it, in addition to processors apical types of resources, 
including memory, disk drives and printers. In genera there i is a set of jobs to be executed on the 
system, and, depending on the circumstances, there may or ey not be eee o constraints 
associated with these jobs. Each Jeo has certain requirements with respect to the resources of the 

nee For example, a job may wus 20K of MemOG two cist drives and a piiniee The | 

problem is to produce a schedule for seruns this set of jobs ina a minimum amount of time. 
Clearly, for such a schedule to be valid, the demand of the fobs oe at any given time, for 
each resource, should not uae the avaliable casing of nen resource. 

2. A large construction company possesses a certain amount a equipment: bulldozer, aca cranes, 
etc. In addition, the company fie: a number of employees. Sener the equipment and the 
employees constitute the resources of the COND aY: In gener, there is a sct of construction 
projects for the ‘company to ons: Each PROS sprees certain: pS of ee and 
numbers of people. Here again, the problem is to siodiice a schedule for completing the aan 
in a minimum period of time, given the resources of une company. : 

3. An idealized bin n packing problem i is the 1c fllowing: Givena a set of items and. a set of bins pack the 
items into < a minimum number of bins. The ileindake are of identical s size and shape, although they 


may vary in other parameters - for instance, in ecient ate cost. The bins 2 are identical in all 


respects. In addition to having a fixed size and shape, the bins have fixed capacities with respect to 
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the other parameters of the items. For‘éxampie, there may be limits on the total weight and total 
cost of the items ieee into any single bin. In ee there may or may not be a limit on the 
total number of items that can be me petce into any ane bin The problem is is to pack the items 
= aiintnan number of bins without violating the capacity constraints of the bins. _ 
The outstanding feature of each of these Goble is the presence of ae Tesource constraint. These 
constraints are sufficiently power that it is unreasonable to 0st that using the basic task system 
model for r analyzing ihe performance of scheduling aan cs these problems will provide useful 
fests The power of dhiess constraints can, however, be captured by extending the basic task system 
inde to include a set of resources. Each task may eae some or all of the resources ouring its 
execution. Such a tax system with resources can be used to effectively model cach of the three problems 
outlined shove although for promen 2 and possibly for problem 3, there is no processor constraint. We 
will return to the question of processor constraints in a tase? section. | a 
“In the remainder of this thesis we deal exclusively with nak systems with resources. Depending on 
the exact nature of the nae under consideration, there are two alternative formal models of task 
syns with 1 resources that may be utilized. In ther next two sections we examine those two models. 
21 ‘Task systems with continuous resources 
In this section we examine task systems with continuous resources, TNs mone! has been used to 
obtain aloe all perma bounds for the scheduling of task re scales resources to date. 
A VET usk system with continuous resources isa system $ = = cr, <, m, S> where: 
1 T= M.. T,}i is a sct of tasks - associated with Tj isa positive integra exccution time Tj. 
2. <isa a partial order spccifying precedence constraints between. ‘the tasks, 
3. There are m identical processors. | | 


4. sis the number of different resources. It is assumed that s > 1, that there is exactly one unit of 
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each resource, and that each task may require any portion of that one unit for each resource. 
For each task T; and each resource v, R,(T;) € 10, 1] specifies: the portion of resource v- required by task 
-'T; during its Lacuion Because a task may require any portion of each resource (all, none, 1/2, or 
.000001, for instance) we say. that the resources are. continnous. 
| A yalid schedule for a task system with continuous resources ‘S, is. mapping. a: F +N - {0}) such 
that: 
1, For all /€ (N - {0}), m > [{T; € T: oT) SI S,0(F)!+ 7 | 
2. IfT; < Tjs then ofT;) + 17; -1< o(T;). 
3. For all Je (N - {0}), andv, l<qv<¢s,l> = RAT, P) summing over all Tj such that 
o(T) $1¢ oT) + 44-1 Poa . 
This definition is identical to the one for basic task systems, except for.condition 3.. This last condition 
insures that at any given time unit, the currently. executing tasks do mot. Fequire. more than one unit of — 
each resource. 
Intuitively, a list schedule for a task system with continuous resources may be constructed.:as ; 
follows: Initially, let L_be.any (ordered). list. of the tasks ia 7.. The. tasks. are. scheduled as: follows: 
Whenever a processor becomes idle, the list L is instantaneously scanned. from. its beginning and the first: 


ae Fal 


task T (if any) which meets the following criteria is removed from L and assigned to the 4 


Each task Tj such that T; < T, has. completed execution and 2.3 fry-.< 5:54 sepresents the total-reanurce 


requirements of all currently cxecuting tasks, then for each xesouree.v, ry + RAT). SL This last 
requircment guarantees that the currently cxecuting tasks do not requite ‘mogc:than a total of onc unit for. 
any resource. More formally, a-Jist-achedule ‘for a task .system-with continuous resources is..a. valid: 


schedule which is generated as follows: gee aie GS ae 
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1. Initially, L is an (ordered) list of the tasks in T and /is 1. 
2. While L is nonempty perform this step : 
a. Letk =|{T, €L: o(T) </< of) + 7,-U1 
b. Foreachv,1<v <s,letr, = ZR,(T;) summing over all Tauck that 
o(T;) $1 S(T) + 7-1 
c. Let L' bea list of the ready tasks on L at time J, the tasks in the same order on L' ason L *- | 
d. While L' is nonempty and k < m-perform diis step : 
i. Let T be the first task on L' 
ii. If for each v, 1S ¥ Ss,r,+R (1) 1, 
then let o(T) = J, letk = k+1, for each v, let r, = tyt R,(T), and remove T from L 
iii. Remove T from L' 
e. Let = 1+ min fo(T;) + 7,-1:T;€ Lando(T) +7,-1> 9 
An example of a task system with continuous resources and a list sihieile for that system is given in- 
Figure 2.1. : | 

We note that critical path and Coffman-Graham schedules retain their original definitions of being 
particular subclasses of list schedules. 
2.1.2 Shortcomings — 

There are two major shortcomings of the task system with continuous resources model. 

First, the assumption that the resources are “continuous” is not an accurate reflection of either 
existing computer systems or of many industrial scheduling probleris. In those instances, resources are 
much more “discrete” in nature than they are “continuous”. For:instance; computing resources such as 
tape drives and line printers are generally available only in small quantities ‘and a task can require only 
whole units of them. Morcover, while memory may be thought of as being continuous due to its large 


size, it is debatable whcthcr memory should even be viewed as a limiting resource in terms of practical 
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Figu re 2.1: Example of a task system with continuous resources 
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The resource requirements of the tasks are given in a vector beside the task. 


Each task has an execution time of one. 


Lit: (A B C D E F G H) 


‘schedule: [A] B[D[F]G[H] 
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Time unit: 1'2'39'4'5§ 16 


m =3 processors 


. 2continuous resources 


computation. 

Second, the performance bounds that have been obtained for various heuristics with respect to the 
ernie seh model, depend on the number of different resources, Dut not on the actual number 
of discrete units of each resource. For systems in which the available quantities of the resources are small, 
the actual worst case performance of various heuristics may be much better than these bounds indicate. 
2.2 Task systems with discrete resources Gere 7p ae 

_ To try to overcome the perceived shortcomings of the task systems with continuous resources model, 
we consider a model of task systems with discrete resources - there is a fixed number of indivisible units 
of each resource which tasks may require during execution. ; Se ett | 
2.2.1 The model 
A task system with discrete resources is a system S = <7, <, m, s> where: 

1, T= {T},.. , Ty} isa set of tasks - associated with T; is a positive integral execution time 7;. 

2. < is a partial order specifying sacetnas constraints between the tasks. 

3. There are m identical processors. | | 

4. sis the number of different resources. It is assumed that s > 1, that there are r; indivisible units of 

resource i, and that a task may require only integral numbers of these units for each resource. 
For cach task T; and cach resource v, R\(T;) specifics the number of units of resource v required by task 
Tj during its execution. Because a task may require only integral numbers of units of each resource, we 
say that the resources are discrete. | | 

A yalid schedule for a task system with discrete resources S, is a mapping 0:7 — (N - {0}) such 
that: 

1. For all /€ (N - {0}), m > {T; € 7: o(T;) $1 < ofT;) + 4; - Ut 
2. IfT; <T;, then o(T;) + 7, -1¢ o(T;). 


3. For all /€ (N - {0}), andv, lv <s, 22 R(T;) summing over all Tj such that 


a(T;) s/g o(T;) + 4;- 1 

This definition is identical to the one for basic task systems, except for condition 3. This Last condition 
insures that at at given time unit, the rs executing rake do not require ‘aie than the existing 
number of units of ‘ask eee | i ee 

. Inwitively, a list schedujé for a task system with discrete. résoutces, sia be constructed as follows: 
Initially, let L be any (ordered) list of the tasks in 7. The tasks are scheduled as follows: Whenever a 
processor becomes idle, the list L is instantancously scanned from its beginning and the first task T (if 
any) which meets the following criteria is removed fron L and sisiened to the idte processor: J. Each 


J 
requirements of all currently executing tasks, then for each-resonree: very + RYT) < ty. More 


~ task T; such that T; ¢ T, has completed execution and 2, if fr}, ; tJ represents the total resource 


formally, a list schedule for a task system with discrete resources is a valid schedule which is generated as 
follows: 
1. Initially, L is an (ordered) list of the tasks in 7 and / is 1. 
_ 2, While L is nonempty perform this aes 
a. Letk = |{T,€L: o(T;) $/< o(T;) + 7-1} ] 
b. For eachv,1<¢v <s, let ry = 2 R (Tj) summing over all T; such that 
o(T}) S$! < off) + acl 
c. Let L' be a list of the ready tasks on L at time /, the tasks in the same order on L' as on L. 
d. While L - is nonempty and k < m perform this step 
i. Let T be the first task on L' 
fi foreach, 1<v<sri +R) Sty 
then let o(T) = J, letk = k+1, for each v, tr, = r,+Ry(T)and remove T from L 
iii. Remove T from L* 


os Let/ = 1 + min {o(T;) + 7-1: Tj ¢€ Land off) + 7,-12 4 
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Figure 2.2: Example of a task system with discrete resources 


A. [1, 0] B {1,3 C p.y m = 3 processors 

D [3,2] E [1,2] F [0,0] 2 discrete resources 
= 3 

| | | I, = 2 

G24 H 0,0) I [3, 0) 


Each task has an execution time of one. 
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Time unit: 
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An example of a task system with discrete resources and alist schedule for that system is given in Figure 
2.2. | 

We note that critical path and Coffman-Graham schedules retain their original definitions of being 
particular subclasses of list schedules. 

We are not the first to consider task systems with discrete resources. ‘The original formulation of 
task systems with resources by Garey and Graham [GG73, GG75} involved discrete resources. Morcover, 
an NP-completeness result of Ullman [U76] involves discrete resources. However, as far as performance 
~ bounds are concerned, almost all of the previous work has been dene for systems with continuous 
resourees. The only results pertaining to the discrete modcl are: some firmited results of Goyal [Go] and 
Leung [Le] involving systems with 0-1 resources. These are systems with exactly one indivisible unit of 
each resource. A task either requires all of a resource or fione of it. 

As noted earlier, the discrete resources approach is designed to overcome the peicived 
shortcomings of the continuous resources approach. ‘The performance bounds for systems with discrete 
resources will incorporate the values 1), ... , T, (these are the number of units of each resource). This 
means that the performance bounds will distinguish between task systems with different numbers of the 
same resource, unlike in the continuous resourees case. They will also be able to indicate the effect on 
performance, if additional units of an cxisting resource are added to the system. 

In the remainder of this chapter, we survey the NP-completencss results involving task systems with 
resources (discrete and continuous) and discuss the role of processors in this model. - 

In our discussion of basic task systems in the previous chapter we mentioned several 
NP-completeness results regarding the minimum execution time scheduling of those systems. As might 


be expected, much the same results exist: for task systems with-resources:-: In this case however, the results 
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are more definitive than for basic task systems. Ultiman [U76] has shown that finding minimum 
execution time schedules for UET task systems with discrete resources is NP-complete, even for systems 
with only two processors, onc discrete resource with one unit (and arbiteary precedence constraints). For 
continuous resources, Garey and Johnson [GJ74] show that finding minimuayexecution time schedules is 
NP-complete for UET task systems with three processors, one continuous resource, and- no: precedence 
contraints. They also show [GJ74] that finding minimum execution time schedules is an NP-complete 
problem for UET task systems with two processors, one continuous resource and precedence. constraints 
restricted to a forest. 

From the above results we can conclude that for virtually all interesting scheduling roblenie- foe" 
task systems with resources, it is unlikely that polynomial time alogrithms-exist. which: produce optimal 
schedules.. This .leaves the study of heuristic. algorithms for scheduling. ‘In this thesis we examine list and 
critical path chaiales As noted in Chapter 1, these are the two simples aad most intuitive scheduling 
heuristics for UET systems. We will not be particularly concerned with Coffman-Graham scheduling, 
except in one instance where we use it to get a lower bound: on i sae case performance of critical © 
path scheduling. The reason for this:lack of. intense interest in Coffman-Graham. scheduling is that, 
particularly when dealing with. cxtensions of the basic task system: model, expcricnce has shown that the 
difference in the worst case performance of critical path and Coffman-Graham. scheduling is. very small 

relative to the worst case bound. Because this. difference is so small, the analysis of the performance of 
both critical path schedules and Coffman-Graham schedules is of little or no practical interest. 

In both of the models of task systems with resources we study, there is a sct of m-processors. The 
role that these processors should play in this. model is a scrious question, both theofctically and 
practically. There are two distinct schools of thought on this issue. 


_ One approach is to assume that the processors play ne-role in. constraining the schedule... In this 
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case, it is assumed that the number of processors is at least as large as the number of tasks in the system 
(i.e. m > n = |7)). This assumption means that given any time units B,, 8 with j > i, and any task T € Bp 
the reason that T did not execute in B; is due to either a resource constraint or a precedence constraint. It 
is not the case that B; was "full", which would mean that there was “ao room" for T in B;. As far as 
performance bounds are concerned under this assumption, it is as if processors never appeared in the 
model at all. The quantity m plays no role in the bounds for task systems with no processor constraint. 
For certain applications, this is a reasonable assumption: - for iccbunis applications 2 and 3 that were 
discussed at the beginning of this chapter: In the scheduling. problem for’a construction company given 
"there, there was nothing corresponding to’a processor constraint. In the bin packing problem it was noted 
that there may or may not be a limit on the arabe seae placed into: any single bin (such a limit 
corresponds to a processor constraint). Much of the previous work on performance bounds for:task 
systems with resources has been on systems without a processor constraint. 

The second approach to the role of processors in the task system with resources model is that the 
processors are vital in determining worst case performance, and that many applications demand a model 
_ involving processors. Even so, it can be argued that no generality is ‘oa by using a “no processor 
‘constraint"” approach, since processors can be treated as just another resource. That is, given a 
performance bound for systems with no processor constraint, and a task system with s resources and a 
processor constraint, simply apply the bound as if the system had s+1 resources. However, from an 
intuitive viewpoint, this approach is suspect, since processors are not "just another resource”. The 
processor resource -possesses certain characteristics that are not shared by resources in general. In 
particular, every task requires exactly onc unit of the processor resource - no more and no Iess. 
Furthermore, with respcct to task systems with continuous resources, the processor resource is unique in 
that a task may not require just any portion of the resource, as was assumed for continuous resources in 


general. At least intuitively, there is no reason to believe that treating the processors as an additional 
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kind of resource will result ia meaningful worst case bounds. 
2.) The problems to be studied a 
In this thesis we study minimum execution time scheduling of UET task systems with resources. We 
examine the following four models: 

UET task systems with continuous resources and no processer constraint 

UET task systems with continuous resources and a processor. constraint — 

UET task systems with discrete resources and no processor constraint 

UET task systems with discrete resources and a processor constraint 
We investigate the worst case performance of list and critical path scheduling for. cach. of these models. 
We also compare the bounds for the four models and try to. delincate the relationships between those 


bounds. 
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Chapter 3 - List Scheduling 


In this chapter we study the list scheduling of UET task systems with resources. As noted in the last 
chapter, list schedules are the fundamental type of schedule which we consider, and most scheduling 
algorithms produce classes of schedules which are subclasses of the list schedules. Moreover, no 
’ generality is lost by restricting our attention to list schedules when dealing with UET task systems, 
because there is always a list schedule of optimal length. 

For comparison purposes, we again mention the following two results on the worst case performance 
__ Of list scheduling for basic UET task systems (i.e. systems without any resources). If there is no processor 
constraint (m > n) then all list schedules are optimal. That is, LIST/OPT = 1. If there is apivcemn: 
constraint (m > 2) then LIST/OPT < 2 - 1/m, and this is the best possible result [G66]. 

3.1 Continuous resources 

The major work on list scheduling for UET task systems with continuous resources is by Garey, 
et.al. [GGJY]. They show for a system with no processor constraint (m > n), that LIST/OPT < s‘OPT/2 
+ s/2 + 1, and that systems exist for which LIST/OPT > s‘OPT/2 + s/2 + 1 - 2s/OPT. This upper 
bound can be compared to the corresponding result for UET task systems with no resources. That 
comparison shows that adding even a single continuous resource to a UET task syiern results in a 
tremendous degradation of the worst case behavior of list scheduling. That is, for a UET task system 
without resources, list schedules are always optimal, whereas the addition of a single continuous resource 
can result in list schedules having length quadratic in the length of an optimal schedule. ‘This comparison 
confirms our earlier comments that performance bounds based on the basic model are probably not good 
indicators of performance for problems involving resources. 

For UET task systems with continuous resources and a processor constraint, there are no tight upper 


bounds. There are, however, two partial results. First, is the result of Garcy, ct.al. [GGJY] cited above, 
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using s+1 resources instead of s - the extra resource: accounting for the existence of the processor 
comaaint This yields LIST/OPT < (s+1)OPT/2 + s/2 + 3/2. Senet Yao %] bes shown that 
LIST/OPT < min{m, Gr 1)s° OPT/(2m) + 1m-s/(Om) + 2. As $ mentioned above, either of these 
results is best possible. 

3.2 Discrete resourees 


In this section we state and prove worst case pe tornane: basins for the ist scheduling of UET 
task neem with discrete resources. The wa previous work for these stems is by Goya [Gol cad 
Leung [Lc]. Goyal investigated UET task systems with one discrete’ resource, , where a = 1 (there is 
exactly one ‘unit of that one resource, so each ies either Teauiltes all of the resource or none of i. He 
shows for systems with no processor constraint is 2 that LIST /OPT < 2 and for systems with 
processor constraints s(n > 2), that LIST/OPT <3- 2m. ‘Manovee both of tex results are the best 
paste Comparing these bounds to | ote for UEr task systems without esourees, we , note that the 
addition of one unit of one discrete re resource caused thes worst case ratio 0 of List t to OPT to increase by 1 
in the no processor constraint case, and by 1 - Vn for synomns with a PROOF constraint. Leung 
investigated UET task systems with discrete resources in which each.r; =1, under the restriction that each | 
task may require at most one unit of | resource Ww e. for each task T, xF_,R Rs < d He showed that 
Lis | OPT < < min{m, (2-1/m) + s(1- 1/m)}. and that this is ae best possible + result. Our results 
gencralize the results of Goyal and eae 
3.21 Two results 

We prove the following two results abet the worst case performance o of list st dapiaars for pel task 
systems with diseréts resources: oe 

Theorem 3,1: If m > n (no processor constraint), then LIST/OPT < ltr, where r= = 22} i. 


Morcover, this bound is the best en 


hs 
Theorem 3.2: If m > 2 (a processor constraint), then LIST/OPT < min{m, (2-1/m) + ¥(1-1/m)}, 
wherer = Ef_j 1. Moreover, this botind ts the best possible: 
These results ae proven in the next two sections. Before doing'so, however, there are several remarks to 
be made about these two theorems, 

First, note the surprising role played by the resources in determining the worst case bound. The 
relevant quantity is not the number of different resources, but rather is the sum total of all the units of all 
the resources in the system. The number of different resources and ‘the: distribution of the r units of 
resource among those different: resources is no factor. his ‘means: that the worst case bound for 

LIST/OPT is the same for a system with 1000 units of one resource as it is for a system with one unit of 
each of 1000 resources. This contrasts sharply with the results for UET task systems with continuous 
resources, where the key parameter is s, the number of different resourves. 

Second, these bounds indicate that for each unit of (any) resource added toa UET task system, the 

“worst case ratio of LIST to OPT increases by 1 in the no processor constraint case, and’by 1 - 1/m in the 
processor constraint case. This follows, because for r = 0, our results are identical to those cited in the 
introduction to this chapter as the best possible bounds for LIST/GPT for basic VET task ‘systems (i.e. 
without resources). These results provide a clear indication: of the role: of the. resources in determining 
worst case behavior. 

Third, unlike the situation for UET task systems with continuous resources, there is a tight upper 
bound for UET task systems with discrete resources and a processor constraint. For that result, we note 
that the bound of m holds for every r > m - 1.. This iridicates the point at which the processor constraint 
dominates the resource constraint with respect to the worst case performarice of ist schcduling. — - 

3.2.2 The upper bounds | 

In this section and the next we prove Theorems 3.1 and 3.2 - the upper bounds in this section and 


the lower bounds in the next. In both sections we concentrate on the proof of Theorem 3.2 - the result for 
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systems with a processor.constraint. We do this because those results are slightly more complicated (due 
to the presence of the processor constraiat) than those: for Theorert 3.1.. At the end of each section we 
briefly indicate how to modify those results to obtain the resaikts: fos the No processor constraint case. 
Lemma 3,]: If m > 2 (a processor constraint), then LIST/OPT < ming, (2-1/m) +:1(1-1/m)},. where 
LS Fiat Anes 
Proof 
Assume that a UET task system -with discrete resources is given. We.prove the result by obtaining a 
lower bound on OPT, and an upper bound on. LIST. Combining these bounds gives an upper bound 
for LIST/OPT. . 

We make use of the following notation throughout the. praof: Let k be the length of aéritical- 
path in a directed acyclic graph representing the precedence constraints; and for cach resource i, Jet x; 
= E R(T)) summing over all T;-€ 7. That is, x; is: the totat demand for:resource i among alt of the 
tasks in the system. 

Consider an optimal schedule for the system. » Three. observations: can..bc: made: First; an. 
optimal schedule can be. no shorter than k, the Jeagth of a critical path: Second, an optimal schedule _ 
can.do no better than to have. tasks executiag on each of the processors during each time unit. Third, | 
for cach resource, an optimal schedule can do no better than to have all units of that-resource utilized: 
during each time unit. Thus, OPT > max{k, 0/m, x,/1}, ~1,/T,}. 

| Now consider an arbitrary list schedule for the system. Such a:schedule consists oftwo types of 
time units: ‘Those in which.all processors:have tasks caccuting en-them, and these ini which atleast one - 
processor is idle. The number. of time units with idle processors ariay-be bounded above as follows: 
Whenever a processor is idle during a time unit, each unexccuted task, T, is prevented from executing. 
on that processor for one of two.reasons: Fither a predecessor of T has not-yet.cxecuted, or, for some 


resource j, the demand for resource j by tasks executing during that time . unit, together with the - 


<39- 
demand for resource j by task T, exceeds rj. It is well known that there can beat most k time units in 
which daly the first constraint prevents tasks from executing, Moreover, at each time unit where the 
second constraint prevents some task from executing, at least one unit of some resource must be 
required by some task exccuting in that time unit. Hence, there are at most >> ial 1% time units in 
_which there is.an idle processor due, in part, to the second constraint. Thus, 
LIST < k + S$ x; + (n-k-BS_ | x)/m = n/m + (1¢kAm)k + (1-1/m) 23 5- 
.. LIST/OPT < [n/m + (1-1/m)k + (1-1/m)2$_ | x] / max{k, n/m, x)/ry, ....X./tg} 
< (2-1/m) + (1-1/m) 29 
= (2-l1/m) + {l-l/m) . 
Finally, note that for all m, LIST/OPT < m, since 
1. A list schedule cannot have a time. unit in which all processors are idle uniess the schedule has 
completed. 
2. There are at most m‘OPT tasks in the entize task system. 
... LIST/OPT < min{m, (2-1/m) + r(1-1/m)} ; oO 
Lemma 3.2: If m > n (no processor constraint), then LIST/OPT < 1 + ¢, where r = yi % 
Proof 
First note that since m > n, each time unit of any schedule can be treated’as having at least one idle 
processor. ‘Then, analogously to the preof of Iemma 41, we can show that 
OPT > max{k,x,/ty, .- .%/t.} and LIST <k + E84 x, 
", LIST/OPT < [k + 2} _ 1 x) / max{k, xy/ry, «24/1, 
| <1+ Bfiy5 


=l+rn | : , O 


2.2.3 The lower bounds 
In this section we prove that the upper bounds. for LIST/OPT given in the previous section are the 


best possible upper bounds for the worst case performance of fist scheduling for UET task systeris with 


Lemma 3.3: If m > 2 (a progessor-constraint),: then LIST/OPT < min{nt, (2-1/m) + r(1-1/m)}, where 


Proof 


r= Xf _ 1, is the best possible bound. 


We show that for any number of processors m, and any distribution of r units of resource, that 


the ratio LIST/OPT can be arbitrarily close to min{m, (217m) + r(i-1/m)}. We ltr = > 1% 


where 1; is the number of units of resource i. We'assuttie-that-eath *r, is nonzero, ‘and that r does not 


exceed.m - 1. Now, Jet:z be a multiple of m and consider’ task system consisting of the following 


tasks: 


1. 


2. 


Tasks Aj» Am-r-1)z where each A; requires no ‘Tesources, Pe 
Tasks By, B, where By < Bi, ) for! <i 2-1 and where eath B; requires one unit of 


resource s and @ units of all other resources. - 


. For cach resource v, 1 < v <s, there are tasks IDY, ... , DY, each of which requires all the units” 
y 5 


of all resources, and tasks CY, for I< i< ry andl <j < 2, etch of-whiich requires one unit of 
resource v and 0 units of all other resources. The exception is that-tasts "CF, aie Cro 
require no resources. Furthermore, for cactrv and 1 <i'<iay, DY < Cle < CY, <  € 4 


Such a sequence of tasks will be referred to as the DY chain: _ : 


An cxample of such a task system for the case of s = 1 is shown in Figuee 3.1. 


An optimal schedule for this UET task system with discrete resources has length OPT = z + r. 


In this schedule the D-tasks execute in the first r time units, and the C-tasks, B-tasks and A-tasks 


execute in the next z time units. During each of these z time units, r C-tasks, one B-task and m-r-1 
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Figure 3.1: Task system used in Lemma 3.3. 


Assume thats = 1, hence r = 1. There are Bo procemor constraints, 
Dy) r [ ro Dey r [ r 
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The resource requirements are given beside each task. | 


Figure 3.2: An optimal schedule 


Time units: 


Figure 3,3: A “bad” list schedule , 


cee bP Bs eh 
reer: BS ZZ Lite ol gULL Lf 


Length = [2-l/m+1l-l/mk+r - 
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A-tasks execute. Moreover, all units of each resource are used during éach of these z time units. 
Figure 3.2 shows an optimal schedule for the tasks eystetr given in Figure’3.1. ‘Note that‘an optimal 
schedule can be generated from the ist (D-tasks, Crass B-tasks, A- -iatks) Such a list schedule will 
be identical to the one described here except that some of the AGeks will execute with ve daa 


as 


instead of with the B-tasks and C-tasks, 
Now consider the list (A-tasks, B-tasks, D}-chain, ... bf ain Dhan PR, banag In this 
-. schedule, the A-tasks execute in the first (m- re/m time units. Alln m n processors are utilized during 
these time units. The B-tasks execute in the next z time units. Since each D-task requires all the units 
of each resoarce, none of the D-tasks or C-tasks.onecate with the Betisks. Finally, the D¥-chaing 
execute, one chain at a time. The execution of each chain requires 2+1 time units. Thus, this 
schedule has length LIST = (m-r-I)z/m + z + (2+J)r = (2-1/m + r(1-1/m))z + 1. Figure 33 
shows such a list schedule hana eee la mnie lie ee ed 
. LIST/OPT = ‘1Q- Um + r(1- vm + q Kc + a 
". limit, -, 09 LIST/OPT-= (271/m) + Ym. 
Finally, ifr >m -1 then ~ bound of ai fr EIST/OPT can be approacid by considering a system 
with the same sot of asks as fr = m Bs wit Same resdure eeguiramenis ifr = 1. o 
Lemma 3.4: If m > m (no processor constraint), then LIST/OPT <i +1, where r = = Bf _) fis the 
best possible bound. — 
weg 
We show that for any distribution of r units of resources that'the ‘ratio LIST/OPT-can be 


arbitrarily close to 1+. assuming that there no proceso couse Weletr = ZF _ =] Ty Where 


¥, is the number of units oF F resource i. We assixtne- that each: bi moar. Now. z be an oe 


integer and consider a task system consisting of the following tasks: 
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1. Tasks By, ..., B, where B, < By, ) for 1 S$ iS 2-1 and where each B; requires one unit of 
resource s and 0 units of all other resources. 

2. For me resource v, 1 < v <s, there are tasks Dj. = Di. each of which Tequires all the units 
of all resources, and tasks Cy, for lsigr and 1 <i j . Z, each of which requires one unit of- 
resource v and 0 units of all other resources. The ception: is 5 that tasks Ce ee Cr of 
require no resources. Furthermore, for each v edi lsigry DY < cy, < Cha ¢- “i & Cy,. 

This task system is identical to the task sytem described i in the ‘ae aera of enti 3.3, except that there 
are no A- ~tasks. Similarly to that result, an  oolinial schedule for this UET task system with discrete | 
resources can be generated from the list (D-tasks, on B-tasks). This schedule has erat OPT = 
z +r. Also similarly to the proof of Lenmna 3.3, cone ine = (Brusts, Df: hain, Dh, aon 
Dj-chain, .. -DR, -chain). The schedule generated from this ‘ist has —_ LIST = z+ (z+ lyr= 
Ql+oz+r. 

*, LIST/OPT = (1+ z+ 1/@+N 


limit, _, 99 LIST/OPT = 1 +r. ; O 
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Chapter 4 - Critical Path Scheduling : Continous Resources — 


In this chapter we study critical = sheling of UET task systems, with continuous resources. As 
noted earlier, critical Lise schedules are a widely studied subclass of list schedules. -For comparison 
purposes we again mention 1 the flowing two results on the worst case : perfomance of critical path 
scheduling for basic UETr task ‘systems (i.e. systems without any resources). If there is ‘Ano processor 
Ciudateaint (m > n) then critical path schedules are optimal That is CPATH/OPT. = 1, If there isa 
processor constraint (m > 2) then CPAT H/OPT S* 4/3 if 3itm = = 2, and ora S. 2- V¢n- 1) if m 
> 3. These are the best possible bounds sca | 
41 No processor constraint 

The inajor work to date on ctitical ae scheduling for VET (ask systems, with Continuous resourres 
is by Garey, etal. icGIy}, They show for a system with NO processor constraints, that CPATH/OPT Ss 1 
+ 17s/10, and that this is the best possible result. This peu can be compared, to the Corresponding 
result for UET task systems with no resources (that result is CPA TH/OPT, = = De. That, Geta: shows - 
that for every continuous resource added to a UET task system, the worst case bound for CPATH/OPT 
increases by 17/10. This result can also be compared to that for list scheduling of UET task systems with 
continuous resources and no processor constraint. That comparison shows that the worst case behavior of 
critical path schedules is far better than that of list schedules for these systems - in the worst case, 
CPATH grows lincarly with OPT, while LIST grows quadratically with OPT. This contrasts sharply with 
the relationship between LIST and CPATH for UET task systems without resources and no processor 
constraints, where both types of schedules are always optimal. 

4.2 A processor constraint 


For critical path scheduling of UFT task systems with continuous resources and a processor 


constraint, there are only two limited results (aside from our work). First, Yao [Y] has shown that 
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CPATH/OPT < min{ m, 2 + 2s - (28+1)/m }. Second, the result of Garey, et.al. [GGIY] given in the 
previous section can be applied using s+1 resources (the extra resource accounting for the processor 
constraint) yielding CPATH/OPT < 27/10 +. 17s/10. In general, neither of these results is the best 
possible. In the remainder of this section we prove the following. result about:critical path scheduling of ~ 
UET task systems with continuous resources: 
Theorem 4.1:.1fm. > 2 (a processor constraint), thea 
CPATH/OPT < m if 2$més+1 
(s+mt)/2. if s+igm<a+1 
(4s-+m + 3)/4 if 28+1<9 m<8s/3.+ 1 
(148 +m+9)/10 if 88/3 +1g9m¢3x +1 
2+17s/10-(3s+1)/m if 3s + tg: mandm > 10 
2+5s/3-(8s/3+1)/m if 3s + 1 S$ mand m< 10 
Moreover, each. portion of this bound Is the best possible, 
4.2.1 An interpretation 
Because the bound given in Theorem 4.1 is somewhat imposing, it is useful to obtain an intuition 
about the nature of that bound. In this section we try to provide this.intuition from the point of view of 
the “lower bound". That is, we discuss the principles behind the construction.of task systems for which 
critical schedules exist which achicve varios portions of the bound.’ We will concentrate on the middle 
four portions of the bound. The other two portiuns ‘arise ‘mainly from “boundary” constraints. . In 
particular, the first eon (2 $m ¢s + 1) is the situation dines the. processor constraint dominates 
WOTSt Case behavior. The final portion (38+1 < m ¢ 10) arises because’s and: m are both small. We 
ignore these two protions of the bound in the rest of this discussion... 
The key to understanding the middle four. portions of the bound is the following: When 


constructing a task system for which a “bad” critical path schedule exists, there are three kinds of 
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cousvuints to deal with: precedence ‘constraints, processor constraints’ and resource constraints. 
Moreover, there are actually s kinds of resource constraints - one constraint fot cach continuous resource. 
A task system with a "bad" critical path schedule (presumably) exploits cach of these constraints to the . 
fullest. Now consider the bound 2:.+ 17s/10°- (3s¢1)/m. ‘Phe various terms of that bound can be ~ 
interpreted as follows: The term 17s/10 arises from the exploitation: of the resource constraints. “There 
are 3sOPT tasks involved in this. A term of | arises from the exploitation of the {precedence constraints. 
There are OPT tasks involved in this. Finally, the term 1] - (3s+4)/m arises ftom the exploitation of the 
"processor constraints. All: of the remaining tasks in thé’ system ‘are involved in this. Similar 
interpretations exist for the other three portions of the bound: However, ia those cases, only the resource 
and precedence constraints ‘are exploited and not the processor constraints. Only when m > 3s+1 is it 
“profitable” to exploit the processor constraints. 

This interpretation can be seen:more clearly, if we assume that s is fixed, and that m and 
CPATH/OPT are expressed as functions of s (Figure 4.2 shows the plot'of'sach a function). Initially, 
assume that m=s+1 and that we have a UET task system with continuous resources Si-mich: that a.critical.._ 
path schedule cxists for S, with CPATH/@PT arbitrarily close to s+ 1%) In S; there are OPT tasks devoted 
to exploiting the precedence constraints, and. for each .continuoes-resource, there ate-OPT tasks devoted 
to exploiting: the constraint imposed ‘by that resource. ‘The processor constraints are not being exploited © - 
at all, Now consider how S is inedifiéd as m is increased, one processor at a: time, from s+1 to 2s+1.° 
Fach time m-is increased, sevoral tasks arc uddedan:S: The purpete of adding these tasks ié to mere fully” 
expleit.the resource constraints... Each ‘time m increases: by‘ae groccestrs ‘the worst ease ‘bound increases 
by sipieaecamoant (namely, 1/2).due to the addition of those tasks: At ma=2s+- 1; there ate OP F tasks - 
devoted to exploiting the precedence constraints, and for cach continous -resowtte, there are 2OPT tisks © 
devoted to exploiting. the constraint imposed by-that resource. Now ‘consider the (similar) situation as m 


is incrcased, onc processor-at a time from-2s+1:to 88/34]. Again tasks are added to S each time m 
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Figure 4.1: Graph of the upper bound as a function of s 
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ane: Now, however, the worst case bound increases by only 174 each time m increases. For a third 
time, consider the (similar) situation as m is increased one processor at a time, from 8s/3+1 to 3s+1. 
Again tasks are added. to S each time m increases. In this instance, the worst case bound i increases es by only 
| 1/10 cach time m increases. At m=3s+1, there are OPT tasks devoted to exploiting the precedence 
constraints, and 3s OPT tasks devoted to exploiting the resource constraints - for cach contifiuous 
resource, there are 3OPT jasks exploiting the constraint imposed by that resource. At this point, the 
precedence and rosource constraints ‘are fully exploited. Finally, as m is increased beyond 3541, yet 
more tasks are added to S. These tasks exploit eee constraint. Note however, that the bound 
increases only ‘so slightly in this range, and that in faet, it converges to 2 + 17s/10 as m approaches 
infinity. ; 3 

4.2.2 A comparison 5 

Although Theorem 4.1 provides (in contrast to previous result) a tight upper bound for the worst 
case performance of critical beh ene: of UET task systems with continuous resources and a 
processor constraint, there is a question of how much that result really improves over previoas results. 
That is, consider the bounds (cited earlicr) of Yao [Y] and Garey, ct.al. IGG] as they apply to UET 
task systems with continuous resources and a processor constraint. Those results can be combined to 
yield the following composite bound: | 

_CPATH/OPT $ min{ m, 2 + 2s - (2s-+ 14m, 27/10 + 178/10} 

The question which wie is whether this composite bound is much worse than the best possible 
bound (our Theorem 4.1). The answer to this question is yes. For instance, ifs > 6 and m = 1.8s + 2, 
the composite bound indicates that CPATH/OPT < 17s/10 + 27/10. The bound that we give shows 
that CPATH/OPT < 14s/10 + 3/2. The difference between the two bounds is 38/10 + 6/5 -- a value 
which grows lincarly with s. In percentages, the composite bound in this case is too large by over 21 


percent. Table 4.1 shows both the composite bound and our best possible bound for several specific 


A comparison between the composite bound [Yao,GGJY] and the best possible bound | . 


s m composite best error in composite 
2 4 4 3.5 14% 
5 5 4 25% - 
6 5.17 4.25 22% 
7 5.29 4.43 19% 
8 5.37 4.54 18% 
foe) 6 5.4 11% 
8 10 10 9.5 . 5% 
15 15 12 25% 
20 16.3 13.75 19% 
25 16.3 14.6 12% 
#0 16.3 14.77 10% 
co 163 15.6 4% 
1$ 20 20 18 11% 
25 25 20.5 22% 
30 . 28.2 BB 23% 
35 28.2 24.5 15% 
40 28.2 25.75 . 10% 
45 28.2 26.4 7% 
50 28.2 26.58 6% 
00 28.2 27.5 3% 


The above values have been reunded.te two:decimal places. 


: = 
canbiastions ofsandm. That table also shows the percentage error in the single bound relative to 
the best possible bound for cach such combination of s and m. 

Note from Table 4.1 that although our results improve upon the composite result whenever m > 
s+1, the improvement is usually most significant when the number of processors is small relative to the _ 
number of continuous reacusces, 

4.2.3 The upper bound 

In the next two sections we prove Theorem 4.1.. The upper bound is given in this section and the 

lower bound is given in the section 4.2.4. 
42.3] Prefiminari 
Before beginning the proof of the upper bound, we require several definitions. 

With respect to the. usage of the resources in the system, we have the following definitions: 
Rmax(T) = max {R,(T): <v<s}. Given task T, R(T) is thé R,-value of T and R,.,,,(T) is the 
Rinax Value of T. This aieabe is extended to a set of tasks B, ih R,(B) = RST) over all T € B and 
Rinax(B) = ERyg,(T) over all T € B. For completeness, if Bis empty, let Rung, (B) = 0. Finally, a et 
of tasks B, is a Icgal set of tasks if for each resource -v, RAB) <1. 

With as to the precedence constraints, we remind the reader of the definition of the level of a 
task: If T; has no successors then leveKT;) = 1; otherwise, leveK(T;) = 1 + max{level(T;): Tj « Tj}- 
This notion can be extended to a sct of tasks B, by letting level(B) = max{levei(T;) : T; € B}. 

42.3.2 Proof outline 

Consider any critical path schedule for a task system S. The time units of that schedule may be 
divided into three scts: those time units where the final task of cach level executes, those where all of the 
processors are utilized and those where at Ieast.one processor is idle due solely to resource constraints. 
Call these path. full and Fesource time units respectively. The proof follows by bounding the number of 


time units of cach type. The number of path time units is bounded by the length of an optimal schedule. 
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The number of full time units caa be bounded using the length of an optimal schedule and the number 
of tasks executed in resource and path time units. The number of resource tinve units can bounded by 
the use of a “welghiiig function". 

A weighting function W, is a mapping from the interval {0, 1] to an interval (0, x}, where the x 
depends on the particular weighting function. We extend the functional ane to tasks and let W(T) 
= W(Rinax(T)). Moreover, if B is a set of tasks, then W(B) =» W(T) over all T € B. (Our use of 
weighting functions is motivated by, and draws upon, the work of Garey, ctal. {[GGJY]. Given a 
| particular weighting function and a set of resource.time units, the average weight associated with cach of 
those time units can be bounded below (this lewer bound will be 1). Moreover; by cxamining an optimal 
schedule, the total weight associated with all tasks executing in resource:time units can. be bounded above. 
Combining these two bounds gives an upper bound on the number of resource ‘time units. The result 
then follows from the upper bounds on the numbers of path, full and resource time units. 

In this section we introduce two propertics of weighting functions. 
Definition: Weighting function W has Property A, if: 
Given a task T' anda nonempty set of tasks B such that: 
Rynax(T) 2 Reax(T') for each T€ Band R,..(T') > 1+ R,2,(B), 
then W(B) > 1. 
Definition: Weighting function W has Property B, if: 
Given a set of time units {B); icky By} witht > land Y= Ul 4 B,, such that: 
For every task Te B. }<i gt and everyj, 1 Sj<i, Rinaxf)> 1 : Rmax(5), : 
then there exists a task T* € Y, such that W(Y - {T*}}> tl. - 
Intuitively, Property A states that given a sct of n tasks in which the total resource requirements of the 


tasks exceeds one, then the total weight of the largest n-] tasks is at cast onc. Property B will be used to 
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obtain a lower bound on the average weight associated with a resource time unit. 
Lemma 4.1: If W is a weighting function which has Property A, then W also has Property B. 
pace 
Assume that W is a weighting function which has Property A, and let {By, ... , B,} ‘be a set of time 
units with Y = Ut_y B; such that for every task T € B:, 1<i < t, and every j, 1 ¢j<i, R,,,,(F)>1- 
Rmax(B)- We want to show that there exists a task T*-€ Y such that W(Y-{T*}) > t-1. Without loss 
of generality, assume that W(B;)< 1 for cach time unit B,, 1 <i <t. The proofis by induction on t. 
Ift = 1 the lemma is immediate, so suppose that t > 2. Consider time units B,_) and B,. Let X 
be any task in B,. Then Ry.4,(X) > 1- Rya,(B,_3). “Moreover, for: any task T € (B,) U {X}), | 
Ranax€!) > 1 - Repay (By-y U £X} - {T). In particular, let. Z be a task in (B,_) U {X}) with a minimal 
Rinax Value. From Property A, it follows that W(B,.) U {X}-{Z}) > L . 
Now consider the set of time units {B},...,B}_)}, where B; = B, forl <i <t-2, and By; = 
{Z}. Let Y' = util Bi. By induction, there exists a T* € Y', such that W(Y'-{T*}) > ¢-2. 
Thus, W(Y - {T*}) > W(Y' - {T*}) + W(B,.; U {X} -{Z}) > 62 + b= el. ae 0 
Three weighting functions are used in the proof of the main theorem. Three functions are used, as 
opposed to just one, duc to varying requirements with respect to the weights assigned in various parts of 
that proof. Weighting function W, has the property that if a) + a> < 1, then W)(ay) + Wy(a>) < 
15. Moreover, values of a 1 and ay exist such that W,(a)) + Wfa>) z= 1.5, A-similar statement can be 
made about weighting function W, and the valuc 1.6. Weighting fanction Wy ‘has the property that if ay 


+. + a, <1, then W3(a)) +... + W3(a,) < 1.7. These propertics play a critical role in 


n 
establishing various segments of the upper bound. 
For cach of the three weighting functions which we introduce, we give two major results. First, we 


give an upper bound on the weight of a legal sect of tasks. As a cofollary to this result we give an upper ~ 
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bound on the weight of any set of tasks drawn from the task nee which we are considering. Both of 
. these bounds depend upon the cardinality of the.set of tasks being considered. Thesc results wilt allow us 
to bound the total weight of the tasks executing in resource time units. Secondly, we show that ‘the , 
weighting function has Property B. . 
42.3.4. The first weighting function 


Definition: Wy)(a)=:0. if a=0 
1/4 if a€(0,1/4] 
1/2 if a€(1/4,1/2] 
1 if aé€(i/2,]J 
Lemma 4.2: If B is a Icgal sct of tasks, then W,(B) < minf{ ([B{+s)/2, ((B)4+-45)/4}. 


Proof | | 

Recall that B is a je set of tasks if for each resource v, the total usage of v by the tasks i in B does not 

exceed one. | : . 7 

Part 1: Let X = {T € B:R,,,(T)> ae and let x = IX]. rae for each resource vy, there is at most 
one T € B, such that R JT) > 1/2, it must be that x S s. Moreover if FR max): > ya then wy) 
= 1, -Each task T € (B- X) has Ryjax(T) < 12, hefice win< < 1/2. Thus, Wy) is + bounded 

~ above by max[x + (|BJ-x)/2] such that x <s. This maximum occurs at x = 8. Therefore, W,(B) 
s+ ({BI-s)/2. = (|Bi +s)/2. . 

Part 2: Let X = {T € B: R,,,,(T) > 1/2}, letx = IX, let Y = {T€ B:1/4< R(T) < 1/2} and Iet 
y= IYI. Similarly 1 to Case 1, we deduce thatx < sand y < 3s - ax. Moreover, ifR max!) > 1/2 
then W)(T) = 1 and if 1/4¢ R,4,(T) < < 1/2 then WD = = 1/2. Each task Te (@B- xX - Y) has 

max(!) < 1/4 and W)(T) < 1/4. Thus, w,(B) is candeds above by baie + y/2 + 
(|Bl-x-y)/4] such that x <s andy < 3s - 2x. This maximum occurs at x = y = S, so W,(B) <s 
+ s/2 + ([Bj-2s)/4 = ({B]+4s)/4. o 


. 


Corollary 4.1: Given a set of tasks Y C 7, then W)(Y) < min{ (/Y|+s‘OPT)/2, ([Y| +4sOPT)/4 } 


Proof 
Let By,» Bop be the time units of an optimal schedule restricted to the tasks in Y. Then, Y = 
uo? Tp, B, and W,(Y) = Z9PT wep 
Part 1: By Lemma 4.2, each W,(B)) < (1B|+5)/2. Thus, W,(Y) < wate (1B,|+s)/2 = sOPT/2 
29 PT ipy2 = (¥|+sOPTV2 Eee ee 
Part 2: By Lemma 4.2, each W,(B,) < (IB|+4s)/4. Thos, wien ES ae PT T (B+43)74 = 
(Y|+4s0PT)/4. ae ae o 
Lemma 4,3: Weighting function W) has Property B. | 
By Lemma 4.1, it is sufficient to show that Wy) has Propety, A. ae a seed e and a nonempty 
set of tasks B, such that Ry, (T) > R matte ) for cach T € B and Ranax(T" )>1- Rmax(B).. We 
want to show that W,(B) > 1. | 


max!) > V2 for any T € B, then the — is immediate, so suppose R max) s 1/2 for 


each T€ B. IFR,3.(T") = Othen Ray D2 hence Wy) $0 suppose Rypax(T')>0. 
Case 1: Ranay(T") € (0, 1/4) | | 


Then R B) > 3/4. Since for each TeB,O<R, xs < 1/2, we have that [Bl => 2. Morcover, 


max 
for T € B, W5(T) is either 1/4 or 1/2. IF IB) > ra 4, ment the lemma is immediate If |B) = = 3then at 
least one of the tasks has an R max’ Value exceeding. V4, hence it has: a weight of 1/2. The other 
“two tasks have weights of at least 1/4, ‘Thus Wo >I. at = 2 then both of the tasks in B 
must have Rimax: Values exceeding 1/4, henee they have weights of 1/2, and W (8) = 1. 

Case 2: Rmnax(T") € (1/4 1/2] Se ae a 


Then R max(B)> 1/2. Hence [B] > 2, since Ra. (1 < V2 fren Te, Se eee 


Rinax(?) > Rinax(T'), we have: R,, ax(T) € (1/4, a ae i aa = Wn for T € B. . Thus, W)(B) 7 


= [V2 > 1. o 


-55- 
Definition: W(a)= 0 if a=0- 
~~ 10/100 if a € (0, .092) . 
15/100 if a € (.092, .136] 
20/100 if a € (136, .182] 
25/100 if a € (.182, .204] 
30/100 if a@ € (.204, 250] 
40/100 if a €(.250, .296] 
45/100 if a € (.296, .318] 
50/100 if a €(.318, 364] 
55/100 if a € (.364, .408] 
60/100 if a € (.408, 500] 
1 if @€(500,1) 
We have the following facts which follow from the definition of W2: 


Fact 1: Ifa € (.092, 500}, then Wo(a) S.(1.A4)a, 
Fact 2: If |B] = 3 and R\(B) < 1, then W(R,(B)) < 17/10. 
Fact 3: If[B] = 2 and R,(B) < 1, then WR AB) S 16/10. 
Fact 4: If |B] = 2 and R,(B) < .500, then W4(R,(B)) < 7/10. 
The following claim is useful in proving Lemma 4.4: 
Claim A: If B is a set of tasks such that R\(B) < 1 and |B] > 2 then Wa(R,(B) < (|B|+ 14)/10. 
If [BI < 3 then the claim follows from Facts 2 and 3, so, assume that. |B} > 4. Define the folowing 
two sets of tasks: 
Y = {T€ B: R,(T)> 500} 
X= re B: 092< R(T) < 500} | | 
Clearly, Wo(Ry(B)) = W2(R,(Y) + W2(R\(X) + Wo(Ry(B-X-¥)}: Note that if T € Y, then 
W,(R,(T)) = 1 and if Te B-X-Y then WRT) & 10/100. Thus, 


W2(R,(B)) <[¥] + Wo(RY(X)) + (BI - [XI - [Y)Z10. 


Case J: [Y} = 0 
Then, W2(R(B)) = W2(R(X)) + (1BI - IXD/10. 2 
If IX] <2, then since for each T € X, W2(R,(T) < 60/00, we have WR (2) < (60/100))X} + 
(IBI-IXD/10. = S{X|/10 + [BI/10 < ([B+ 14)/10. re 
If IX] > 2, then by Fact 1, W(R\(X)) < 1.64, hence WAR (B) <1.64 + (ny 7IXD/10 s 
1.64 + []Bj - 3/10 < ({B}-+14)/10. * 4 ead 
Case 2: Y= 1 
Note that R(X) < 500 and | 
WR (B) < 1+ WRC) + OBEXHIVIG 
IF[X| = 0, then from (1), W3(R(B)) < 1 + (BI-1)/10< (B+ 14)/10. 
If PX} = 1, then W,(R\(X)) < 60/100, so from (P, Wo{R,(B)) <1 + 60/100 + ((BI-2)/10 = 
(1B}+14)/10. | ie al 
If |X} = 2, then by Fact 4, W2(R(X)) < 7/10, so from (1), © 
W(R(B)) < 1 + 7/10 + (1BI-3)/10 = (BI + 14)210. 
If [X| = 3, then let max,(X) = max{R,(T): T € X}. 

If max,(X) > .318 then the other two tasks in X have R,-values totaling less than 1182, since 
R,(X) < .500. Then at least one of these other two tasks must have an R-value Jess than .091. 
But, by definition, each task in X has an R-value exceeding .092. ‘Thus, max,(X) < 318. | 

If max,(X) € (250, 318), then Wo(max,(X)) < 45/100. ‘The other two tasks in X have 
Ry-values not caceeding .136 and .182 respectively, hence they have a total weight not 
exceeding 35/100. Thus, W.(R,(X)) < 80/100. pee eae 

If max,(X) € (092, .250}, then W.(max (X)) <: 730/100. ‘The other two tasts in X have 
R,-valucs not excceding .204, hence they have a total weight not exceeding 50/100. Thus, 


W4(R,(X)) < 80/100. 
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Thus, if {X| = 3 then W,(R,(X)) < 80/100, hence W,(R,(B))-< 1 + 80/100 + [|BH4/10 = 
(B]+14)/10. 
IF 1X] > 4, then from Fact 1, W(R,(X)) < 164K, (X) < 82. Then from (1), W2(R,(B)) <1 + 
82+ [IBHX/IV/10 < 1.82 + BI-5/10< (B}-+14)/10. | : o 
Lemma 44: If Bis a legal set of tasks, then W,(B) < ({B)+ 14s)/10. 
4 
Partition the tasks in B into s sets Dy, ..., D,, where T € Dy ifand only if y is the minimum index such 
that R\(T) = Ryya,(T). Clearly, Wp(B) = 28_ W,(R,(D,)). Now -panition the resources into 
sets Zp, ..., Zy, according to the sizes of the respective Dy sets. That is, resource v is placed into set 
4p, | Figure 42). Thus, W2(B) = zg ( ez, WAR OY ). Clearly, for cach v € Zp 
W(R(D,)) = 0 and from the definition of W2 it follows that for each v € Zi WAR (DY) $l. 
Moreover, from Claim A, it follows that for each is 2 and cach v € Zi. WR YDy)) < G + 149/10 
and Zy¢ Z; WAR, (D,)) = [G+ 14)/10]/7, |. Thus, W2(B) S$ IZ 1! + 2 =2. (G+ MVIGA! = 
x myil 2,710 4 zi = 1 1421710 - 12,172. But, the Z,'s are a partition of the resources, so 22 je 
IZ; <s. Moreover, that partition is based on a partition of the pre such that >a J IZ; < |BI. 
Also, [21 > 0. 
-". W2(B) S[BY/10 + 148/10- 0/10 = (BL +.143710 o 
Corollary 4,2: Given a set of tasks Y € 7, then W(Y) < (IY|+ teOPTVI0: | 
Let B).- ., Bopr be the time units of an optimal schedule restricted to the tasks in Y. By Lemma 44, 
each W2(B)) < (BI + 145/10. Thus, W(Y) = Z9PT wyp) < PPT ppt + 14svi0 = 
l4s0PT710 + ZOPT nvi0 = (VI + MsOPTV/10. 3 o 
Lemma 4,5: Weighting function W, has Property B. 
Proof 


By Lemma 4.1 it is sufficient to show that W> has Property A. Consider a task T' and a 


Figure 4.2: Partitioning the resources. 


2 a CC) a | 
a Gani e a). 
Te obs = : ‘ ae ©) a eS 4 
jw Er os 5 5 @ ae) 
ty £2 Q@M o> z - - 4} 
Tg € - - “ ‘ @ a sn] 
T; [> . - @ -—- 2) 
Tg : : 1 - : ~ J 
Ty: {[ - 6) oe * ee ae - Jj 
Ty: ¢ - @ - 7 4 ae | 
Ti ee He oe, ee Ge ee 


These are the resource requirements for the tasks in a system with ll tasks and 7 resources. A zero 
requirement is shown asa dash. The largest ee 
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nonempty set of tasks B such that R,,,,(T) > Ra, (T") for T € B, and R,,,,(T')> 1- Rmax(®)- 
We want to show that W,(B) > 1. 

If (BI = = 1, the-result follows immediately from the definition or Wy $ assume that [BE> >2. Let - 
min(B) = min{R,,,,(1): T € B}. If there. is only one resource in the ta ‘system, then min{B) i is the 
smallest resource requirement of any task in .B. Given a time unit B, it is possible to » compute a lower 
bound for WB) based on {BI, min(B) ‘and Rmax In particular, Table 42 gives various 
combinations of |B}, min(B) and R,,,,(B); gach of which implies that W,(B) > 1. These values y were 
verified using the MACSYMA system of the MIT Laboratory for Computes Science. The program 
used to do the verification is shown in Figure 4.3, 

Now consider the possible values of W,(T'). If W(T')> 50/100, then for each T € B, wT) . 
2 50/100. Since |B] > 2, we have W(B) > 1. If W2(T') = 10/100, then 0< R,,,(T') < .092. 


But this implies that R yay 


B) > 908 and min(B) > O-henee from Table 4.2, W,(B) > 1. If Ra.(T) 
= 0, then R,a,(B) > 1, hence W,(B) > 1 ; : oe 
There are six ceanne possibilities for W5{T' ): 15/100, 20/100; 25/ 100, 30/ 100, 40/100, and 
45/100. Associated with cach of these weuhs there is a range (ay, a in which ine ax? 8) must lie. | 
Moreover, in cach instance it follows that min(B) >a a and that Rinax(®) >1- a». For each (a), 4] 
pair, an examination of the “relevant” entrics in Table 4.2, shows that W,(B) = bin alkinstances. A 
guide to the “relevant” sais of Table 4.2 is given in Table 4.3. In Table 4.3, for cach of the six 
possible values of w(T '), we give the values ay, &, the subsequent lower bounds i min(B) and 
R max) and the entries of Table 4.2 that need to be examined. Note that entries z are not listed for 
cach size of [BI in every case. In particular, for cach W,(T') possibility, only one entry of the form 
({BI, min(B), 0) is given. Such an entry implics that W(B) > [BI W(min(B)) > |. Thus, for any 
larger |B], we also have W,(B) > 1. : . . 


For example, when WA(T') = 25/100, Rmax{T') € (.182, .204]. Thus, min(B) > .182 and 


WT") 
15/100. 


20/100 
25/100 
30/100 


40/100 
45/100 - 


IB] min{B) Ryygy(B) [Bj], min(B) . RyafB) {BI min(B) Ry, (B) 
2 0 750 4 0 . 8M 7 868 
2 250 704 4 16 318 “7 9920 
2 296 682 4 182 0 nee | 
7 a ca ars, 
3 O° 818 5 0 864 8 092 0 
3 182 = -.750 5 . .136 ry ae ee 
3 250 0 9 Oo 872 
6 0 866 9 02  O- 
6 092 962° ae 
6 136 0 1 0 o 


An entry (i, x3) inthis ables interpreted a follows: IF Bis a set of tasks such that 
|B|=i, min(B) > x, and Ryyg,(B) > y, then W2(B)> 1. 


| Table 43 

(ay,)) — min(B)> Rmgg(BD _ —--Relevant Eatries 

(092,.136]  .092 364 0 0, 750), (.0, 318), @ 0, 320), (5,0, 264), 
(136, 182] 136. B18 (2, 0, .750};43, B, 838), (4; .136, 818), (5, .136, 0) 
(182, 204] .182 796 (2,0, 750), (3, .182,..750), (4.182, 0) 
(204,250) 204 730 (2,0, .750), (3, 182,750), (4, 182, 0) 
(250,296) 250.104 (2,250,.708),03, 250, 0) 
(296, 318] 296 682 (2, 296, 682), @, 250, 0) 


<6ie 
Figure 4.3: MACSYMA program used to verify the values in Table 4.2, 


The function CALC takes three inputs: B, MINB, and RMAXB, and computes the minimum total 
weight of the tasks in a time unit where: 


Bis the number of tasks in the time unit 


MINB is a lower bound on the resource Ss of each task in the time unit. 
That is, for each task T, Rmax(1) > > MIN 


RMAXB is alower bound on the total resource requirement of all the tasks in the 
time unit. That is, R,,ay(B) > RMAXB. 


CALC finds the minimum total weight by doing an exhaustive search of the possible values for the 
resource requirements.of the tasks in the time unit. For convenience, weights are multiplied by 100 and 
resource requirements are multiplied by 1000. 


- Sample ouput of the program is: CALC(2, 296, 682)$ (input to MACSYMA) 


2 296: 682 100 ~  (MACSYMA output - the fourth 
value is the minimum weight) 


CALC(B, MINB, RMAXB) :=(MINWT: 100, 
FOR J FROM0THRU9 DO 
(IF MINB = RES, THEN BOT : J+), 
HELPCALC(B; 0, 0); 
FRINEE MINB, RMAXB, aNwn) 


HELPCALC{COUNT, CURWT, CURRES)":= 
IF COUNT = 0 | 
THEN (IF CURWT< MINWLAND.CURRES> RMAXB - 
THEN MINWT : CURWT), 
ELSE (IF CURWT + WTSao7 * COUNT < MINWT 


THEN FOR | FROM BOTTHRU10DO 
HELPCALCICOUNT | 1, CURWT + WTS);, CURRRES +RES)) 


The values of the WTS and RES arrays are as follows: 


es 
Rmax(B) >1- 204 = .796. If |B] > 4, it follows from [Bj and min({B) > .182 that W,(B) a4 
Wo(min(B)) > 4 (25/100) = 1. If JBI <4, the entries (2, 0 , 750) and (3, .182, .750) in Table 4.2 
indicate that W>(B) > 1. ae 04 a 


Definition: W,(a)= (6/S)a_— if, @ € {0, 1/6] 
(9/5)a-1/10 if a€(1/6,1/3} 
(6/Sja + 1/10 if a €(1/3,1/2 


(6/Sja+ 4/10 if a€(i/2,]] 
This is the weighting function defined in Garey, etal{GGJY}: In-that paper the ‘bitlowine Sime and 


Iemma about WwW; are proven, 
Corollary 43: Given a set of tasks Y € 7, then W3(Y) < T/s OPT/10. 
Lemma 4.6: Gheaee a < 1/2, and a set of tasks B = {T}, ..., T,,} with n > 2, such that R,4.(T)) > 
Rmax(T 2) > @ and a > 1 - Ryja,(B), thea W3(B) > L fae . 
A straight-forward consequence of Lemma 46 ais the definition of W; (used to handle |B] = 1 and 
Ryax(T') 2 1/2) is that W, has Property A, hence: _ 
Lemma 4,7: Weighting function Ww; has Property B. 
42.3.5 The main result a 
In this section we complete the proof of the visper’ bound: Assume that a UET task system with 

continuous resources ss <T, <, m, s> is given. Let CPATH be a sct ones the time units of a critical 
path schedule and Ket OPT be a set containing the time units of an optimal schedule for this syne As 
usual, we also tet CPATH anc OPT be the iengths of these schedules when appropriate. The time units 
in CPATH arc partitioned into the following three sets: 

P = {B; € CPATH: (Vj > iflevcKB,) > eve BO} 

F = {B, € CPATH : |B} = mand B, € P} 


= {B, € CPATH: |B] < m and B, € P} 
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The time units in P are path time units, those in F arc full-time units, and those in H are resource time 
units, Clearly, CPATH = {P| + |F| + [HI]. 

LetQ = {Te T: Té B, and B, € H} (ie. Q consists of afl tasks exccuting in resource time units of 
CPATH). Clearly, [P| < OPT and |F] < OPT - [P{/m - |Q\/m. The number of resource time.units JH], 
can be bounded by use of the following lemma (adapted from alemma given by Garey, et.al. [GGJY)). 
Lemma 4.8: If W is a weighting function which has Property B, then there exists a set of tasks Q' C T 
with [Q"] = [QJ such that JH] < W(Q").. | | 
Proof 

Assume that W is a weighting function which has Bropect B. Let k be the maximum level of any task 
in 7. For Sai level | 1 <7 < k, there is one time unit B, € P with level(B) = 1 Let T;be any task 
inB 1 with level(T ) = 1. Moreover, for each level’, 1 1<k, define the following ee sets: 
A, = {B; € H: leveKB;) = i} | 
L, = {T: level(T) = /and (4B; € Apr € Bl} U {TF}. 
Thus, A, contains all of the resource time units where the highest level of any task cxecuting in the 
time unit is . Likewise, 1) contains task T, and.all level. tasks-executing in-a resource time unit 
where the highest level of any task executing in the time unit is 1 Figure 44 shows the 
correspondence between L. ply and A } 
Consider any sct A p We claim that there exists a task X /€ L jsuch that WL, - {X B) > |A } 
If|A4 = 0 then the result is immediate, so assume that JAd > 1. Let By. ... , Bad be the time 
units in Ay For cach B, € A, let B; = B, 9 1, There is one B; for cach Ri, and cach B; 
contains at Ieast one task. Also, Ict Bi Atl = {Tj}. Note that CH B; = L, Moreover, 
each B; contains only level / tasks. 


tasks with levels larger than / must have already been scheduled in time units prior to B.. 


Now consider any B; and B with j <i. [et T be any task in B ¥: When T was scheduled, all 
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Figure 4.4: An example of the sets A, and L,, and the task T, 


Assume that B, has a level of / and is a path time unit. This means that the task in By of the highest 
level has level /, and that all tasks executing in time units after By have levels less than 1. . 


Some number of time units immediately preceding B, also have a level of J. Assume that these are time 
units B,, B,, B,, and B,. The set A;consists of these 4 time units. The set L, consists of all of the level / 
tasks which execute in these 4 time units, along with task T) . 


A; = {B, B,, B,, By} leveKB;) =! fori = 4,5,6,7,8 - 
B, is B; in this instance 


level / tasks 


i eee Sor erry ee ae 


B,, B,, B, and B, are resource time units and B, is a path time unit 


Ly = {T: leveX(T) = Jand Tis in atime unit in A} U-{T} 


The tasks in the non-shaded portions of B,, Bs, B,, B, and By are the tasks in Ly 
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Moreover, the only tasks already scheduled in time unit Bi atte eeel't tasks.. Thus, T was not 
scheduled to execute in B; due solely to resource. constraints imposed by the leyel / tasks in B.. 
ihe thet fore Bi, Ringx(T)> 1 - Rmaxj ) fora j<i Thus, the B, $ form a set of 
time units for which the conditions given in the definition. of Property. B hold.. Then, since 


A +1 
weighting function W has Property B, therc.cxists a task X; €-L,Asince L, = ul4 i 


B,) such 
that W(L;- {X)}) > |Aq, and the claim is proved... fess : . O 
Finally, letQ’ =(QU{T;: 1S /Sk)-{Xpl sig k}. Clearly, |(Q*| = (Qh. 
. WAL = 2h Ads 2h) WL: XD) S WQ!)-since UF (ky- XNEQ". oO 
- From Lemma 48, it follows that given a particular weighting function. W?. which has Property B, there 
exists a set of tasks Q’' € Tsuch-that {Q'| = {Qj and JH} ¢.W%(Q'). 
Thus, CPATH = |P| + |F| + |HI < IP + (OPT-[P|/ar|QVm). +. W*(Q'), and with a ccondering of 
terms, 
~CPATH < OPT +|PK1l-l/m)- QUm+ W*Q'), (ID. 
There are six cases to consider based on the relative values of s and m. . 
Case 1:2 ¢ m<s+l1 
| Then CPATH < m OPT since at least one task must execute during each time anit of CPATH. . 
Case 2: s+1 < m< 2s+1 
Let W, be the weighting function W*. By Coroltary 4.1, Wy(Q') <. fIQ'|+sOPTY2 = 
{IQ]+sOPT}/2. Thus from (1), CPATH < OPE) [Pidri/m) - JQ\/nr + []Q]+s OPTY2 =(1 + 
s/2)OPT +. {[PKl-1/m) + (QUE1/2:- 1/m]. But, 1/2 <1 /m- 2-0 andyQl: < awOPf - [P| Hence, 
CPATH < (1+8/2)OPr + JPK-1/m) + (ov OPT ¢ PPl/2 -1/m} = [(s-+m)/2yOPT. + IPI/2 < 
[(s+m-+ 1)/2} OPT, since [P| < OPT. 


. .CPATH/OPT < (s+m-+ 1)/2. 


Case 3: 2s+1 < m< 88/3 + 1 
Pid ceie akin > 4. Let W, be the weighting function W*. Then by Corollary 4.1, W,(Q') $ 
HQ" [4+ 4s:OPTV4. Similarly to Case 2, we derive from (Il) that CPATH/OPT < (4s-+m+3)/4. 

Now assume that m < 4. The only combination of s and m to lie in this range is s= 1 and m=3. But 
from Case 2 (since the assumption that m < 2s+1-was not used in that proof), CPATH/OPT < 
(s+m+))/2 = (4s+m+3)/4 when s=1 andm=3. 

Case 4: 88/3 + 1S m<3s+1 | 
First assume that m > 10. Let W, be the weighting fiinction W*. Then by Corollary 4.2, W2(Q") < 
(1Q' |+14sOPT]/10. Similarly to Case 2 we derive from (II) that CPATH/OPT < (14s+m+9)/10. 
Now assume that m < 10. The only combination of s and m to lie in this range: is s=3.and m=9, But, 
from Case 3, CPATH/OPT < (48+m-+3)/4 = (148+in+9)/10 when s=3 sidin=9. 

Case 5: 3s+1 $m andm > 10 
First assume that {Ql > 3sOPT. Let W; be the weighting function W*. Then by Corollary 43, 
W3(Q') < I7sOPT/10. Thus, from (1), CPATH < OPT + {P{Q1- 1/m) - (Q/m + 17sOPT/I0. 
But -|Q] < -3sOPT and |P| < OPT, so CPATH < OPT + OPT\(1-1/m) - 3sOPT/m + 17sOPT/10 
= OPT {2 + 178/10 - (3s+1)/m]. 
Now assume that |Q| < 3sOPT. Let W, be the weighting function W*. Then by Corollary 4.2, 
WQ") < fIQ*|+14sOPTV10 = [IQi+14sOPTV10. Thus from (M1), CPATH < OPT + 
IPK}-1/m) - {Q[/m + [IQ]+14sOPTV/10' = OPT{] +248/16] + |P\1-1/m) +.|QUI/10- 1/m}. But 
1/10 - 1/m > 0, {Q| <3sOPT and [P| < OPT. Hence, CPATH <‘OPT{1 + 148/10] + OPT(1-1/m) 
+ 3sOPT{I/10 -1/m] = OPT{2 + 178/10 ‘ (3s+1)/m}, Thus, CPATH/OPT < 2 + 17s/10 - 
(38+ 1)/m. 

Case 6: 3s +1 $ mand m< 10 


First assume that {Q| > (8s/3)OPT. Let W, be the weighting function W*. Then, by Corollary 4.2, 


-67- 


W2(Q') $[1Q'| + 14sOPT}10. Similarly to Case 5, we derive from:(II) that CPATH/OPT < 2 + 
5s/3 - (88/3 + 1)/m. | | 
Now assume that {Q] < (8s/3)OPT. Let W) be the weighting function. W*. Then by Corollary 4.1, 
WQ') < [1Q'|+4sOPT}4. Similarly to Case 5, we derive from (II) that CPATH/OPT < 2 + 
5s/3 - (88/3 + 1)/m. 
This completes the proof of the upper bound for Theorem 4.1. : 0 
4.2.4 The lower bound 
In this section we prove that the upper bound for CPATH/OPT given.in Theorem 4.1 is the best 
possible upper bound, completing the proof of that result. 
For cach possible combination of s and'm, we exhibit.a UET task isystem with continuous resources, 
S = <T, <,m, 9, a critical path schedule for that system, and an. optimal schedule for that system such 
that the ratio CPATH/OPT is arbitrarily close to the app -‘opriate upper bound. “As in the proof of the 
upper bound, there arc six cases to consider based on the relationship: between s and m. The 
constructions that we use in the six cases are similar, -but not-identical. They make use of task. systems 
which differ primarily in the resource usages of certain tasks:in: the system. The overall precedence 
structures of these systems are the same, as are the resource usages of sevcral-of the tasks. Thus, ‘before | 
proving cach of the lemmas, this general task system structure is introduced. The aspects of the system 
which are the same in all cases are specified. We indicate. whick parameters’ will be specified: within the 
proofs of o individual lemmas. We also sketch:optimal and critical path schedulcs for this general 
system. The exact nature. of these schedules. wil, of course, depend upon the valucs assigned to. the 
unspecified parameters within the proofs.of the individual lemaras. |. ~ 
42.4. .A general task system structure 
Assume that s > 1 and m > 2, with m > s+, are given (in the next.section we will indicate hew to 


handle the case of m < s). Integers x and z are to be specified dates, as is e, a positive constant. Consider 


~ a task system S* with the following tasks: 
1. Dj for! <i <x, such that R,(D)) = e and R\(D)) = Oforv #1. 
_ 2, Bg such that Ry(Bp) = Land R (Bp) = 0 for v # 1. | 
3. B, for 1 <i<s, such that R,(B,) = Land RB) = Ofer vai. 
4.¢ for 1 <i<s. These tasks require no resources. 
5. A forl <i<sand1<j<z For-v#¥ i, RA) = 0, The:usage of resource i by each’ task 
A} (its R-value) will be specified later (it will be a non-zero requirement). Tasks'Aj, «. Al 
‘are called Al-tasks. 
This task system has the following precedence constraints: 
L. For 1 $i ¢a-1,D, < Dj, }. Moreover, D,'<C).°° 
(2, ForO Sigel, B,< By, pandB< Alt! forr<j ge 
3. For) <i<slandi Sj Aliciyy. - 
4. For1 <i Sst, <C)4). 
The precedence structure of this system is shown in Figure 4:5; ~- ; 

‘Meraine that the constants.x, z and e have been specified, consider the following schedule for S* 
‘(Figure 4.6a): -In the first s+1 time-units exccute the B-tasks. In the text x time units exccute the 
‘D-tasks an processor m, and exccute all of the A-tasks onthe other mT processors.” In the final $time 
units execute the C-tasks. Such a'schedule has tength x4 2s 4 1. ‘The assumption that the A-tasks can 
all be executed in time units s-+2 through x+s41 depends only ofi the'Auinticr of A-tasks (which is sz) 
and on the resource requirements.of the A-tasks - no precedence constraints are involved since after task 
B, executes - time unit s+], all of the A-tasks are-available for execution: fy cach of the results using 
this gencral task system, the value z and the resource requirements OF: the'A-tasks atc-specified so the 
A-tasks can indeed. be cxccuted in just x time units on m-I° pruetssots and so the total requirement for 


resource 1 during each of those x time units docs not exceed: I =e." This fast condition is needed since 
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Figure 4.5: The general task system structure used for the lower bounds. 
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The non-zero resource requirements of these tasks are: 
Each J)-task requires e of resource 1 


By requires all of resource 1 


B; requires all of resource i, i>0 


Each A!-task requires a non-zero portion of resource i 


QO 
Nn 


. Figure 4.6: Two schedules for the general task system structure — 


a) An optimal schedule -- length = x+2s+1 


1+sG(A}) 


b) A critical path schedule -- length = x +s+ 


- T= 
each of the D-tasks requires ¢ of resource 1. 

Now consider the critical path schedule for S* generated from the following list: (D-tasks, Bp, Cy, 
Al-tasks, By, Cy, A?-tasks, .., By.1, Cy, AStasks, B,). In this schedule, (Figure 4.66) the D-tasks 
execute in the first x time units, then By and C, execute in. the nexttime unit, followed by the execution 
of the A!-tasks. After those tasks have executed, By and Cy execute, followed by the execution. of the 
A2-tasks, and so on. Eventually, B,.} and C, execute, followed by the cxccution of the. A®-tasks. In the 
final time unit B, executes. Assuming that the Al-tasks are assigned the same Fegource requirements for 
resource i, as the Al-tasks are assigned for resource.1 and that they are scheduled identically to the 
~Al-tasks, this schedule has length CPATH = x + s + 1 +.sG(A}, where G(A}) is the fength of the 
schedule for the A-tasks. an . 

In the individual proofs which follow, several things are-done. First, the values of x,.z and ¢ are 
specified, and the remaining resource requirements for the. A-tasks.are-given, We then show that the 
A-tasks can be executed on m-1 processors in x time-units with the total requirement for resource. 1 by 
the A-tasks, in each of those x time units, not exceeding 1 - s. This establiskes that-OPT-<.x + 2s + 1. 
The value of G(A!) is then derived by analyzing a particular list schedule for the Al-tasks, establishing 
that CPATH > x +s +1 + sG(A}), The lower ibound for the worst case-of CPATH/OPT is then 
obtained by: combining the bounds for OPT and CPATH, 

Lonuna 4,9: If2 < m<s + 1, then CPATH/OPT can be arbitrarily close, to m. 

Proof : 
Assume that there are only, m:1 resources, That is, assumes = m-1.(ic¢. in the task system used to 
show thatthe upper bound of m.may.be approached arbitrarily. closaly, the tasks foquire only the first 
m-1 resources). The next lemma shows that in this case (i.c.,m-2. s-+.1),.that .CPATH/OPT can be 


arbitrarily close to (s+m+1)/2. But, ifm = s+}, then(s+m4+)D/A=m — . 8 
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Lemma 410: Ifs + 1 <m<2s + 1 then CPATH/OPT can be arbitrarily close to (s+-m+1)/2. 
sce | 
Let c = (m-s-1)/s. Let x be a positive integer such. that x = Q mod 2s, fet'z =‘ [1+c]x and let ¢ < 
1/12, Now consider the task system S* a3 specified in the previous section, using these values of x, z 
and e. The remaining resource requirements of the A-tasks are: 
For each i, 1 Sigs, : 
x of the Al-tasks have an R;‘value of V24+e 
cx of the Al-tasks have an R-value of 1/2 - 2e. = 

Note that for each i, we have specified’ resource requirements for exactly x + cx = [I+ch = z 
Altasks. As desired, in total there are zs = (m-1)x A-tasks. | 

As noted in the previous section, OPT < x + 2s°+ 1 provided all of the A-tasks can be 
executed on m-] processors in just x tine units, with the total requirement for resource 1 by ‘the 
A-tasks in cach time unit not exceeding 1- ¢. This can be done by executing the following tasks at 
each of those x time units (Figure 4.72): For cach i, } <i-<s, an Al-task with an R,-valuc of 1/2 + 
e executes. This.utitizes s processors at cach time unit. Moreover.‘for cs = m-s-1 values of'i, an | 
Al-task with an R,-valuc of 1/2 - 2e executes. ‘Since f-T' A-tasks extcute ‘per time unit, all of the 
A-tasks can be executed in x time units. Note that for eactyi, there‘are'(1+c)x time units in which: one 
Al-task executes and there are cx time units in which two Al-tasks exccute.’ Moreover, the total 
requirement for gach resource during cach time ey eee 1-e. Therefore, OPT $x + 28 - - 
+1. 

Also as noted in the previous scction, for critical path schedules:: CPATH Dx tstil+ 
s6(A}), where G(A})is the length of a particular fist schicdinte (which we are‘about to specify) for the 
Al-tasks, Consider the fotlowing:schedule for the A/tasks (Figure 4.76): In the first cx/2 time units: 


two Al-tasks with R,-values of 1/2 - 2e execute. These time units are foflowed by x time units in 
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Figure.4.7: The schedules used in Lemma 4.11. 


1 Al-task 2 Al-tasks 
Y% +e Ate 

%-2e 
(i-c)x cx 


a) a optimal schedule -- for each other resource v, AY-tasks execute (in a similar manner) with these 
A’-tasks. 


2 A!-tasks 1 Al-task 
hte 
cx/2 x 


b) The schedule used for G(A}) -- these tasks exccute alone. 


In each of the above figures, the values inside of the boxes indicate the R,-values of the the tasks 


exccuting in those time units. The values under the boxes indicate the number of time units where tasks 
with those particular R,-values execute. 
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which one A!-task with an Ry-value of 1/2 + e executes per time unit. Note that in cach of the’ first 
cx/2 tme units the total requirement for resource 1 is 2(1/2 - 2e) = 1- 4e.. During the execution of 
these time units the smallest resource queen et any unexocuted A = _ 1/2 - 2e, a value 
which exceeds 4e. This means that none cel the al. tasks which sgeciag: tater in the schedule can 
execute in these time units. This assures that the schedule we have sexribed here is a valid list 
schedule. Thus, G(A) = cx/2 + x, and CPATH > x +8 -+ 14 sfex/2 + ald unead 1/2. 
*, CPATH/OPT > ((m+s+ D/2V/R+28+2 : 
limit, _, 99 CPATH/OPT = (m+s+1)/2. . o 
Lemma 4.11: If2s + 1 ¢ m¢ 8s/3 + 1, then CPATH/OPT can be arbitrarily close to (4s+m-+3)/4. 
Proof bubu® agen! 
Let ¢ = (m-2s-1)/s. Note that 0 < c< 2/3. Also, letq. = Oifc < 1/2 and:letq =Tog {(1-c)/(2-3c)]1 
if c > 1/2. Let x be an integer such that x = 0 mod 24, ket z = R+ch. andilet Y = 3-2 
(1-c)/2T 4, ri (The origin of Y will be explained ; a little later in the proof). Late e: = = eg = = 119dt2 
Also, forl1 ¢k <q, lete, = 10e,.). Now-consider the task neem: S* using these values of x, zoe 
e. The remaining resource requirements of the A-tasks are: . = — 
For cach i, 1 Sigs: | — 
1. (1-c)x of the Al-tasks have an R;-value of 1/2 + eg 
(I-c)x of the Ai-tasks have an R;-value of 1/2 - 2e9- 
2 For0 qk < ql, 
— (-e)x/2* of the Al-tasks have an Rj-value of 1/2 + ey. 
(1-c)x/2* of the Al-tasks have an R;-value of 1/4 + 2ey. 
(1-c)x/2* of the Al-tasks have an R;-valuc of 1/4 - 4e,. 
3. Yx of the Al-tasks have an R;-valuc of 1/2 + eG 


Yx of the Al-tasks have an R-value of 1/4 + 2eq. 
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Yx of the Al-tasks have on R;-value of 1/4- 4eq. 
There are two cases to be considered here: 
1. Ifq = 0, then no tasks are assigned resource requirements in part 2 of the above specifications. In 
this instance Y = c. 
2. If q> 0, then some tasks are assigned resource requirements in part 2 of the specifications. Note 
that Y > 0, since q< 1 + log [(1-c)/(2-30) : | | 
In both cases, resource requirements are specified for exactly z Al-tasks. The constant Y was chosen 
so that this was the ae Intuitively, in part 2 of the scale cdone we assign R;-values to the tasks in 
a series of sets of tasks. The number of tasks in each set is onc half the number of tasks in the 
preceding set. Since there are only [2 +ch = Zz Al-tasks, the. series must be terminated at an 
appropriate point. In this instance, that is after q sets. The value 3Yx is the number of : Al-tasks 
whose R;-valu has not been specified when the series is terminated. These 3Yx tasks are the tasks 
assigned R,-valucs in part 3 of the specifications. 

As before, OPT < x + 2s + 1 provided all of the A-tasks can be executed in x time units with 
the total requirement for resource 1 by the A-tasks in each time unit not excecding 1- . This can be 
done by executing the following tasks at each of those x time units (Figure 4.8a): For cach i, 1 (i < 
s, cither 2 or 3 Al-tasks execute at each of the x time units. More specifically, for (1-c)s = 3s-m+l1 
values of i, two Al-tasks execute. They have R;-values of 1/2 + 1) and 1/2 - 2€9. For the gther cs 
= m-25-1 values of i, three Al-tasks execute. They have R;-valucs of 1/2 +. ey, 1/4 + 2ey and 1/4 - 
4e,, for some k,0 ¢ k <q. Since at cach time unit 2%(1-c)s + 3cs = m-1 tasks exccute, all of the 

-A-tasks can be executed in x time units. Note that for cach i, there are (ex finic units in which two — 
Ai-tasks execute and there are cx time units in which three Al-tasks ence Moreover, since ey > 
eg =e for 0<k <q, the total requirement for any aie during each time unit does not exceed 


1-e. Thus, the A-tasks can be executed in just x time units, and OPT < x + 2s + 1. 
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Figure 4.8: The schedules used in Lemma 4.12... -- 


(1-c)x (1-c)x/2k 
0<k <q 


a) An optimal schedule -- for each other resource v, AV-tasks execute (ina similar manner) with these. 


2 A}-tasks 


cx/4 cx — (L2ee/2 kx 
b) The schedule used for G(A}) when q = 0. These tasks execute alone: 


4Altasks 4 Altasks 3 Altasks 3 Altasks 2 Altasks 1 


Ye (Qc! -2vp/4 sox (rok (ince tia 
c) The schedule used for G(A!) when q > 0. These tasks cxecute alone. | 


S97 


For critical path schedules, CPATH > x +s +1 + sG(A}), . There are two cascs to concider 
based on the value of q (i.e..q = 0 and q>0). 

Ifq = 0, consider the following schedule for the Al-tasks ‘(Figure 4.8b):. In the first cx/4 time 
units, four A!-tasks with Rj -values of 1/4 - deg execute in each time unit. Next-there are cx time 
_ units in which two Al-tasks execute during each time unit. These tasks have R;-values of 1/2 - 2eg 
and 1/4 + 2e9. Thirdly, there are (1-2c)x/2 time units in which two Al tasks, each with an R;-value 
of 1/2 - 2e9, execute. Finally, there are x time units in which one Al-task with an R;-value of 1/2'+ 
€g executes per time unit. Note that in cach of the first cx/4 time units the total requirement for 
resource | is 41/4 - 4e9) =1- 16€9. During the execution of these time units the smaliest resource 
requirement of any unexecuted Al-task is 1/4 - 4€q, a value which excceds 16€p. This means that 
none of the Al-tasks which execute later in the schedule can. cxecuté in these time units, Similar 
remarks can be made about cach of the other time .inits in this schedule. This assures that the 
schedule we have described here is a valid list schedule. Thus, cal ) = cx/4 + cx + (1-2c)x/2 + x 
= [3/2 + c/4jx. 

If q > 0, consider the following schedule for the A} -tasks (Figure 4.8c): In the first Yx/4 time 


units four Al-tasks with R)-values of 1/4 - 4e,, execute in cach time unit. Next, there are (1-729 


q 
- 2Y]x/4 time units in which four Al-tasks with Rj-values of 1/4:- 4eq-1 execute per time unit (since 
q => log{(1-c)/(2-3c)} this quantity is non-negative). In the next Yx time units, three Al-tasks execute 
per time ‘ane these tasks have Rj -values of 1/4 + 2eq 1/4- 4e-1- and 1/4 - 4€q-1- Similarly, in the 
next (1-c)x/20 time units three Al-tasks execute per time unit. These tasks have R -valucs of 1/4 
1/4 - 4e 


+ 2e 7, and 1/4 - 4eq.n. Generally, for k, q-1 > k > 1, there are (1-c)x/2 time units 


qb q 
with three Al-tasks exccuting per time unit. These tasks have Ry-values of 1/4 + 2e,, 1/4 - 4e,.1, 
and 1/4 - 4e,_). Following these time units there are (1-c)x time units with two Al-tasks exccuting 


per time unit: These tasks have Rj-values of 1/2 - 2e9 and 1/4 + 2e9, Finally, there are x time units 
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in which one A}-task executes per time unit. Each of these tasks has an Ry-value- exceeding 1/2. 
Note that in each of the first Yx/4 time units the total requirement for resource 1 is 4(1/4- 4e4) = 1- 
| 16€,. During the exccution of these time units the smallest resource: requirement of any unexccuted 
Al-task is 1/4 - deg a vai tid euceede I6eq. This means that none:of the Al tasks which execute 
later in ‘the schedule can executc in these time units. Similar remarks‘can be made about each of the 
other time units in this schedule. This assures that the schedule we have described hore is a valid list 
schedule. Thus, G(A!) = [¥/4 + (e201 - 2v)/4 + ¥ + EPL} (-/2* + (1-2) + Ih = v2 
+ c/4px. . 
.”. In bath cases, G(A}) = [3/2 + ¢/4fx and CPATH > x'+ s + 1 + 93/2 + c/4ft > 
x(4s+m_+ 3)/4. 
. -CPATH/OPT > (x[4s+m+3)/4)/(x + 28 + 1) 
limit, _, 99 CPATH/OPT = (46+m+3)/4, 7 oo 
4.2.4.3 A uscful set of independent tasks 
In the next two lemmas, we make use of a set of tasks originally described by Johnson, 
etal [JDUGG]. We have modified this sct of tasks slightly to better suit our purposes. | 
Given some resource (say, resource 1) and an integer y, we will describe a set of 3y - 1 independent 
tasks. Each task requires some non-zero portion of the resource. These tasks can be grouped into three 
sets of tasks: In the first set all-of the tasks have R,-values of approximately 1/6; in the second set the 
tasks jie Rj-values of approximatcly 1/3; and in the third set the tasks:have ‘Ry “values-exceeding 172, 
Within cach set the tasks differ slightly in their resource requirements. For instance, in the first set some 
of the tasks have resource requirements excceding 1/6.and some have requirements less than:1/6, ‘There 
are y tasks in cach of the first two scts and y - } tasks in the third. 
More formally, assume that an integer y, with y =.0 mod 10 is given. Let & be such that 0< 8-<< 


189/10, Also, let 8, = 8 18%/10- i for 1 <i < y/10. Consider the following three sets of tasks: 
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- 1, The first set contains y tasks, TH; for 0<<j<9 and1 <i<y/10. These tasks have the following 
resource requirements for 1 < i < y/10: 
Ry(Th) = 46 + 336; 
R,(T}) = 46 - 38, 
Ry(T}) = Rh) = 6-78; 
Ry(th) = 146 - 138; 
R (th) = 146 + 98, 
RCT) = Ry(T}) = Ry (Tg) = Ry(Th) = 146-28; 
2. The second set contains y tasks, TH for'0 <j <9 and 1 <i < y/10. These tasks have the 
following resource requirements for 1 < i < y/10: 
Ry(T%) = 1/3 + 468, 
R,(T},) = 1/3 - 348; 
Ry(13;) = Ry(T}) = 1/3 + 68; 
Ry(T3) = 1/3 + 128, 
R(T) = 1/3- 108, 
Ry(1G) = Ry(TH) = RyTG) = RYTH) = 43-48; 
3, The third sct contains y - 1 tasks, T3 for } <i < y-1. Bach task requires 1/2 + 8 of resource 1. 
An optimal schedule for these 3y-1 tasks has length y. It consists of time units with the following tasks: 
L. For2 <j <9 andl <i < y/10, a T?-task and TI} and TH; 
2. For 1 <i < y/10,a'T-task and 9, andT4; 
3. For] <i<y/10, a Task and THhand T2 41 
4. Th yygand TA) 
Now consider the list (1). = T9y. T Ops =» Typ. + TG sto + Tayst0 TOE» TA Tyo 


Re 5 y/10 Tj, ee Te p: This list results in a schedule with length 17y/10- 1. This follows casily from 
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the results in [JDUGG]. We give an informal description of the schedule here. The schedule has y/5 
time units in which 5 tasks from ‘the first set execute per time unit arid in which the total resource 
‘requirement in each of the time units exceeds 5/6; y/2 time units in whith 2 :tasks from the second set 
execute per time unit and in which the total resource requirement in each of:the:time units exceeds 2/3; 
and, y - 1 time units in which one task from the third set iii per time unit: 

Now assume that y is fixed. Since cach task in the system requirés.4 non-zero ,portion of the 
resource, and since (in both of the schedules given above) each time unit has 5 or fewer executing tasks, 
there exists a By > 0, such that the resource requirement of every. task ‘can be reduced by Ay without 
changing either of the two schedules. Moreover, this ‘implies that abe jedi poaciaice usage during any 
single time unit in these two schedules does not exceed. - By. 

In the next result, some A/-tasks are assigned R;-values in a manner:similar’ to- these: assigned in 
previous lemmas, and some ae assigned R;-values similar to the resource requirements of the tasks. 
42.4.4 The remaining cases | 
Lemma 4.12: If 8s/3 + 1 << m< 3s + 1, then CPATH/OPT can be arbitrafily close to (148+ m+9)/10. 
= . 

Let c = (m-2s-1)/s and let q > 0 be an arbitrary integer: Note that 2/3 <c¢1. Letx = 20627!) tet z 
= [2-+ohx - Land let ¥ = 302+ (1-c)/2%), The vahuc: ¥ will seove ai purpose in this rosult similar to 
what it served in the previous result. Also similarly to the previous result, Jet e = eg << min{ By,, 
1/1092 } and for 1< k <q, let e, = 10ey.). Nowieonsider dhe ttk systere S* using these values 
of x, z, and e. The remaining resource requirements of the:A-fasks arc as follows: 
For cach il <iss, 

1. (1-c)x of the Al-tasks have an R,-value of 1/2 + e9, 

(1-c)x of the Al-tasks have an R;-value of 1/2 - ep, 


2. ForO<k Sq, 
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(1-c)x/2k of the A!-tasks have an R,-value of 1/2. +. 2,. 
_ Q-o)x/2* of the Al-tasks have an R-value of 1/4 + 2¢,.. 

(1-c)x/2* of the Al-tasks have an R;-value of 1/4 - 4ey. 
3. 3Yx - 1 of the Altasks are assigned R;-values equal to the R,-values of the tasks in a set of 3Yx -1 
- Ftasks, These Al-tasks will be called type J Al-tasks. 

‘An optimal schedule for this task system has a similar. form for the execution of the A-tasks as 

the optimal schedules. in the previous lemma. As before, OPT < x + 2s + 1 provided all of the 
A-tasks can be executed in x. time units on m-1 processors. This-can be done by exccuting the 


following tasks at each of those x time units: For (1-c)s =: 3a:m+1 values of i, two. Ai-tasks execute: 


". these tasks have R;-values of 1/2 + e9 and.1/2- 2e9. For the other cs = m-2s-1 values of i, either: 


1. Three Al-tasks execute having R;-values of 1/2 + e,, 1/4 + 2ey, and 1/4 4ey for some k, 0 < k 
$1, or | 

2. Two or three type J tasks exccute (as noted in section 4.3, three type J tasks execute in all but one of 
these time units). 

Note that at cach time unit naire than 2(1-c)s + 3cs = m-1:tasks:execute. Also, for each i, there 

are cx time units in which three Al-tasks execute and there are ¢1-c)x time-tunits in which two A!-tasks 

execute. Thus, the A-tasks ean be executed in just x time units and the total: requirement for any 

single resource during each time unit docs not exceed 1 - e. Thus, OPF <x + 2s + 1. 

The exccution of the A!-tasks is also similar to that in the. previous lemma. In. that lemma (for q 
>.0), there were essentially four typcs of time units: those with 4, 3., 2 or I-tasks. Let T4, T3, T2 and 
T1 designate all of the time units of each type. Each of these types of: time-units will also occur here. 
In addition, in this proof, we-have time units where only type F Al -tosks execute. As indicated in our 
discussion in the previous scction, there will be three types of time units where type J Al-tasks 


execute. These time units contain 5, 2 and 1 tasks, and will be referred: toas JS, J2 and Jl, 
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respectively. The schedule used to derive G(A}) consists all of these time-units in the following order: 
T4, J5, T3, T2, J2, 1 and T1. That is, first all of the’T4-time units execute, then all of the JS time 
units execute, and so on. 
_ More formally, consider the following schedule for the Al-tasks (Figure 4.9): In the first 
[(1-c)x/24 1/4 time units four Al-tasks, each with an Ry-value of 1/4 - 4e,_1, execute in each time 
unit. Next, there are Yx/5 time units in which five type J: tasks execute - as noted in the previous 
section, each of these tasks has an R j "Value of approximately V6. ‘Next, similarly tothe critical path 
schedule described in Lemma 4.11, for q-] >-k > 1, there are (jn? time units with three tasks 
executing per time unit. These tasks have Ry-values of 1/4 4 Oey. 1/4 - 4e,.), and /4- 4e,_1. 
Following these. time units there are (1-c)x time units with two ‘Al -tasks executing per time unit. 
These tasks have Ry-values of 1/2 - 2eg and 1/4 + 2ep. Next, there are Yx/2 time units with two 
type J tasks e..ccuting per time unit - as noted in the previous section, these tasks have Ry-values of 
approximately 1/3. Finally, there-are x-] time units in which one Alstask executes per time unit. 
Each of these tasks has an R ais exceeding 1/2. Note that in each of the first {<2 1.74 time 
units the total requirement for resource 1 is 41/4 - 4e,.)) = 1 - 16e,_). During the execution of 
these time units the smallest resource requirement of any unexecuted Ai-task is approximately 1/6 
(actually, just a little less than 1/6). But, eg.) was clrosen such that 1/6 >> 16e,_). This means that 
none of the Al-tasks which execute later in the schedule can cxecute-in these time units. Similar 
remarks can be made about each of the other time units in: this schedule.’ This assures that the 
schedule we have described here is a valid list schedule. ‘Thus, G(A}) = @(-<v2ly4 + Y/5 + 
Sd =} -cy/2k + (ee) + ¥/2 + Ix - 1 = 1(16-+e9710 - 109(20 24 Yx- 1, Hence, CPATH > x 
+8 + 1+ sxf(16+c)/10 - (1-c)(20 27°!) - 5. But, x = 20827! so CPATH > xfa(16-+0)/10 + 1]- 
2, 


.. CPATH/OPT > (xfs(16-+0)/10 + I]- s2\/(x+28+1) 
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Figure 4.9: The schedule used for G(A!) in Lemma 443. |. 
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These tasks execute alone 


o 
limit, _, og CPATH/OPT > (14s+m+9)¥0. | oO 
Lemma 4.13: If3s + 1 < mandm > 10, then CPATH/OPT can be arbitrarily close to 
2 + 178/10 - (3s+1)/m. 
Proof 
Let x = 0 mod 10m, let z = 3x - 1 and Iet e = B,. Consider the task system S* using these 
values of x, Z and e. For each i, 1 < i < s, the Al-tasks are assigned R,-values cqual to the Rj values 
of the tasks in a set of z J-tasks. In addition to the usual tasks in S* the folowing tasks are added to 
S*: 
1. G, a task which requires no resources. 
2. F; for 1 <j < (m-3s-1)x. These tasks require no resources. 
3. Ewith R(E) = lforl cigs. 
The following precedence constraints are also added to the system: 
1. Forl $j <u Aj<G. 
2. B, < G, and C, < G. 
3. For 1 $j < (m-3s-1)x, E < F;. 
The precedence structure of this task system is shown in Figure 4.10. 
An optimal schedule for this system is: In the first s+2 time units execute the B-tasks and task 
E. In the next x time units the A-tasks, D-tasks and F-tasks are executed (1 D-task, m-3s-1 F-tasks 
and no more than 3s_A-tasks per time unit). For each i, there are x-1 time units where three Altasks 
execute and there is one time unit where two Al-tasks execute. In the final s+ 1 time units execute the 
C-tasks followed by task G. ThusOPT <s+2+x+s+l=x+25 +3. 
Now consider the following critical path schedule: Execute the [)-tasks and tasks Bp and C, in 


the first x+1 time units. In the next 17x/10 - 1 time units execute the Al tasks. Then, execute By 


and Cy. followed by the A2-tasks in the next 17x/10 - 1 time units, and so on, until B, executes. Then 
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Figure 4.10: The task system used in Lemma 4.14, _. 


The non-zero resource requirements of these tasks are: 


Each D-task requires e of resource 1 
By requires all of resource 1 


B; requires all of resource i, i>0 


Each A!-task requires a non-zero portion of reseurcei. -- 


E requires all of the resources 


G, the C-tasks and the F-tasks require no resources 


s —5 
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execute E and G. In the final (m-3s-1)x/m time units execute the F-tasks: Thus; CPATH oaxtl+ | 
17xs/10 + 1 + (m-3s-1)x/m > x[2 + 178/10 - (38+ 1)/ml. 
.. CPATH/OPT > 2 + 178/10 - (38+ 1)/m}/(x + 2s + 3) 
limit, _, o9 CPATH/OPT = 2 + 178/10- (38+ 1)/m. | oO 
Lemma 4.14: If 3s + 1< mand m< 10, then CPATH/OPT can be arbitrarily close to 
2 + 5s/3- (85/3.+ 1)/m. 
Proof 
The task system we describe here combines various aqpects of the: systems used i in teantiias au 
and 4.13. We use the task system structure from Lemme 4:13, (i.e, with te added jasks) and eve meen 
the A-tasks resource requirements aS Was done i in- Eefame 411.” . 
More formally, assume aid i m are given, Let € ani ¥3) and let qef log{(1-c)/(2- SoM. 
Let x be an integer such that x = 0 mod.em24, ketz = D+ch and let Y = 3c-2 + aon) Tete 
= eg = 1/109*?, Also, for 1 Sk <akete, = ey). Consider the task system S* using these 
values of x, z and.e. a | | 
For each i, 1 sigs: 
| 1, (1-c)x of the Ai-tasks have an R,-value of 1/2 + ep 
(1-c)x of the Al-tasks have an R-value of 1/2-2eg 
2. For0<k Sql, | os 
| (1-c)x/2* of the Ai-tasks have an R,-value of 1/2 + ey. 
(1-c)x/2* of the Al-tasks have an R-value of 1/4 + Zee 
(1-c)x/2 of the Al-tasks have an R-value of 1/4- 4e,.. 
3. Yx of the Al-tasks have an R,-value of 1/2 + &q: 
Yx of the Al-tasks have an R,-value of 1/4 + deg. 


Yx of the Al-tasks have an R;-value of 1/4 - 4eq- 
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“These are exactly the same specifications for the R,-values of the Al-tasks'as given in Lemma 4.12. 
In addition to the usual tasks in S*, the following tasks are added to S*: | 
1G, a task which requires no resources. 
2. F; for 1 $j < (m-{2+c¢}s-1)x. These tasks require:no resources. 
3, E with R(E) = 1lforl sigs. 
The following precedence constraints are also addcd to the system: 
1. For 1 SiS A}<G. 
2. B, < G, and, <G. 
3. For 1 $j <(m-3s1)x, B¢ F;, 

An optimal schedule for this system is ‘similar to that for the system uscd’ in the proof of the - 
previous lemma. The B-tasks and task E are executed in the: first-s+2.time units. In the next x time 
units the A-ta-ks, D-tasks and F-tasks are executed. In each of those xtime units, [24+c]s A-tasks, 1 
D-task and (m-{2+c}-1) F-tasks execute. For cach i, there are (1-c)x time units where two Al-tasks: 
execute and there are cx time units where three Al-tasks execute: In the final-s time units the C-tasts 
are executed. Thus, OPT < x + 2s + 2. 

Now consider the following critical path schedule; Exceute the D-tasks -and tasks By and C, in 
the first x+1 time units. In the next [3/2 +.c/4]x time units exceute the: A/-tasks (this follows from 
the proof of Lemma 4.13, where G(A!) = [3/2 + c/4Jx): Then execute B, and-C,, followed by the 
res the next [3/2 + c/4)x time units, and so on, untit B, executes, Next cxecute E and G. 
Finally, execute the F-tasks in the final (m-{2-+c}s-1)x/m time units. Thus; CPATH > x + 1 + ((3/2 
+ c/4]x + I)s + 1 + (m-[2+c]s-1)x/m > xf2 + 38/2 - (28+ 1)/m + esfl#4- 1/m)}. 

. CPATH/OPT > x[2 + 35/2- (28+ 1)/m + cs{1/4- W/m) V(x + 28 + 2) 

limit, _, 9/3 CPATH/OPT > x{2 + 58/3- (88/3 + I)/mV( ++ 2) 


limit, _, 99 CPATH/OPT = 2 + 5s/3- (88/3 + 1)/m oO. 


In ti chapter we study critical path scheduling of UEF task systems with discrete resources - both 
with and without processor constraints, Unfortuaately, there are no resuits for this problem ‘per se. It is 
possible, however, to make some conclusions about this problem based.on results for Coffman*Graham 
scheduling of UET task systems with @1 resources. These are. UEF task ‘systems:with discrete resources 
in which cach r;=1 -- that is, there is exactly one unit of each resource, henega task either requires all of a 
resource or none of it. Because Coffman-Graham schedules are a subclass ofthe critical path schedules, 
any lower bound on CG/OPT for UET task systems with 0-] resousces, is also “a lower bound on 
CPATH/OPT for UET task systems with discrete resources. This follows: because systems with 0-1 
resources are a subclass of the systems with discrete resources. Aitheugh-at first glance; it appears that 
any lower bound on CPATH/OPT obtained in this manner would: be fairly weak, we will, in fact. (in 
section 5.2) be able to. use such a lower bound to make seme fairly strong statements about. critical path 
scheduling of UET task systems with discrete reseurces. Before doing so, however, we present two results 
on Coffman-Graham scheduling of UET task systems with 0-1 résources. - ~ 
5.1 Coffman-Grakam scheduling of systems with 0-1 Resources 

Coffman-Graham scheduling ef UET task-systems with 0-1 resources-has been studicd by Goyal 
[Go] for the limited case of onc resource. He shows that for.m = 2,OG/OPT < 3/2, and that this is the 
best: possible result. This type of schedusing is also mentioned by Leang [Lc]. He conjoctures that for 
UET task systems with 0-1 -resaurces, Coffman-Graham schedules ‘provide substantially better 
performance than do list schedules. 

For. purposes of comparison, we note that the results of Chapter 3 can be applied to UET task 
systems with 0-1 resources giving the results LIST/OPT < 1. +-s if there is no processor constraint, and 


LIST/OPT < min{m, (2-1/m) + s({1-1/m)} if there is a processor constraint. . Morcover, both of these 
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sexu are the best possible bounds. 
In this section we prove the following two results on Coffman-Graham ‘scheduling of UET task 
systems with s 0-1 resources when s > 0: | 
Theorem 5,1: If m > n (no processor constraint) then CG/OPT < 1:4 s. Moreover, this is the best 
possible result. 
Theorem $2: If m > 2 (a processer constraint) thea 
cG/orT < m if s>m, 
m-1/2. ifs=m-1 
(2-2/m) +-s€1-l/m) if s<m-2 
.-. Morcover, this is the best possible result. 
These feaig show that Langs conjecture about the relationship: between Coffinan-Graham ‘scheduling 
and. list scheduling is wrong: -Coffman-Graham scheduling dota pub predie abasauane better worst . 
case performance than list scheduling: for UETF task systems with 0-1 resources. In fact; for systems with 
no processor constraints, Coffman-Graham scheduling has exactly the same worst case performance as fist 
scheduling. We will prove these two theorems, and then, in section 5.2, we willdiscuss ‘how these results 
apply to critical path scheduling of UET task systems with discrcte resources. 
5.1.1 The upper bounds | 
Lemma 5.1: Ifm > n(no precessor constraint), then CG/OPT < 1 +:s. 
This result is trivial because Coffman-Graham schedules are a subclass ef list schedules and as noted 
above, it follows from Theorem 3.1, for UFF task systems: with: @I resources and:no processor 


constraint that LIST/OPT < 1+ s. Y itg, - aa rie: gS at! o 
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Lemma 5,2: If m > 2 (a processor constraint), then 
CG/OPT < ° +=3m - if s>m 
m- 1/2 if 5 eet: 
(2-2/m) + s(1-1/m).: if s<m-2 

s.l.1.1 Proof Outline 

We prove the upper bound in two stages. Initially, we show that...given a Coffman-Graham 
schedule, some of the tasks can be placed into scts Wo, ... 5 Wp (calléd scgrnenits) such that given tasks T € 
W; and S € W; , ,, it must be that T <*+ S, where <* ts the transitive closure of the precedence relation. 
_ This property implies that all the tasks in segment W; must-execute before any of the tasks in Wi4) 
execute. This allows us to examine each segment individually, and obtain.a worst case bound for the 
Jength of the portion of the Coffman-Graham schedule where the tasks in the segment execute, to the 
length of an optimal schedule for the tasks in the segment.: This we do in the second stage of the proof. A 
portion of this proof is largely a modification {to accomodate resource tasks) of a proof by Lam and Sethi 
[LS]. In particular, most of the first stage of the proof and the second half of the second stage of the proof 
are drawn from their work. | 
3.LL2 Segments 

Before beginning, we make the following assumption about how tasks are assigned to processors 
when using list schedulcs (our formal definition did not mention which tasks exccute on which 
processors). Since we are dealing with UFT task systems, this assignment is relatively simple: IF T}, «. . 
T,, with x < m, are the tasks cxccuting in a particular time unit, with LABEL (T}) > LABEL{T>) > ... > 
LABELAT, }, thie task ‘T; executes on processor. i. Here LABEL(T;) refers to the label assigned to T; 
using the Coffman-Graham labcling algorithm. Note that in the lst used t de the scheduling, T; 
appears befure T>, which appears before T3, aa So On. 


Finally, a task TF with Rinaxt) = 0 is a pnon-resource task, and a task T with Rinax()) > Ois a 


Tesource task. 

Now consider any Coffman-Graham schedule. AB: usu, we. det, CG: caer: to D both the set of time 
units comprising the Coffman-Graham schedule and the length os that schedule. re noted above, we e will 
form sets of tasks called segments. This is done in two: siege: First,’ we form blocks of tasks, and then 
combine those blocks to form segments. Blocks are formed front-the Coffman-Graham schedule as 
follows: | | 
Definiton: Form blocks Xq. Xq.1, -.-. Xg, for some q > 0, as follows: 

1. Up is the task executed on processor one in time unit Bog: 
2. Fori > 1, Uj; is the task executed on processor one in the maximal time unit By where: 
a. A non-resource task executes on processor one. in By. 
b. (VT # U)T€ By = LABEL(T) < LABEL(U,, 
3. Forq >i 2 1,X;.) = {T: o(U;)< off) < o(Uj.)) and LABEL(1) > LABEL(U;.)} 
Xq ={T:of< (Ug yand LABEL(T) > LABEL(U, qh 
An example is shown in Figure 5.1. Note that’ not every ti task beng toa bee such a task is called a an 
extra task. The last time unit of each block either contains an extra: task or it has an idle processor. Also, 
for block Xj. 0(X; ) = min{o(T): T € X; jt That is, o(X; ) is the earliest time at which a task of block X; 
executes. 
The following lemma about blocks is useful: __ 
Lemma 53: For q > i > 0, task U; is a predecessor of cach task in block Xi.4- 
Consider any U; and block X;_). Three things should be noted: 
1. U; is a non-resource task. 
2. Each task in X;_) has a label at least as large as LABEL(U;_)). 7 


3. Each task exccuted in the same time unit as Ui has a label smaller than LABEL(U;_}). 
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Figure 5.1: Example of the division of a Coffman-Graham schedule into blocks. 
Consider a task system with 3 processors and one 0-1 resource. The precedence structure is given 
below. The eeaben ue the Coffinah 


ffman“Grahamm labcls Gf the tasks. ‘Those numbers will be-used to refer 
to the tasks. Circled tasks ee me resource. 


NY * 
ea : i! 
‘ fF 


Schedule: 


Time units 
Blocks are outlined in the above schedule. 


Figure 5.2: Example of the division of a Coffman-Graham schedule into 0 sepmicnts 
The task system given in Figure 5.1 is used: 
Schedule: 


Time units 


Segments are outlined in the above schedule. 
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‘Now consider any task T € X;., which has no predecessors in X;_)- ‘Why didn’t T execute in the same 
time unit as U;? Because LABEL(T) exceeds the label of'each task-exccuting with U;, and U; isa 

non-resource task, it follows that U; < T. Thus, U; is a predecessor of every task in-X;.). Oo 
Segments are composed of blocks and a few extra tasks: ‘Specifically, segments Wo ins’y Wy for some p > 
0, are formed as follows: , 

1. Initially, et Wy = Xq let i = 0 and letj io q-l. 

2. While j > 0 do 

if(VT € WXVT! € XT tT) 
then W; is complete 
| Wet Why = Xp det =i + Land bet] = j-1 | 
else. letG = {E € W, : LABEL(E) > LABEL(U)) and (3T € W,)IT <t ER 
let W, = WU X; U Gand letj = j-1 

3. Let p = i, and Wp is complete. 
An example showing segments is given in Figure 5.2. Intuitively, segments are formed from left to right 
by combining successive blocks until a block is encountered, :all of whose tasks are successors of all the 
tasks already in the segment. At this point the scgment is complete and anew ‘segment is started.’ Extra 
tasks are added to the segment for accounting purposes which arise in the second stage of the proof. 
Extra tasks which are placed into a segment are called Jatecomers. 
Lemma 5.4: For 0 <i¢p, if T € W; and T* € W, , j. then T<*T?, 
Proof 

Consider any W; and W; , ; for some i, 0 < i <p. Assume that segment'W; , ) consists of blocks X_,, 

ws Kops for some k > 0, along with some latecomers: It follows from the construction of segments, 

for each T € Wi and T' € Xo that T<*+ T', fk = 0, it-also follows that there are no latccomers in 


Wj 4.1» 80 the lemma holds, Thus, assume k > 0. From Lemma 5.3, for alt j, c > j-> ck, task Uj 
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precedes each task in X; 


. UX... The only other tasks in W; ,_)-are latecomers. The first latecomer added to Wj 4.1 is, by 


.j- Then by transitivity, each task T € 'W;, precedes cach task in X, U X,_) U 


definition, a successor of a task in X,. Each subsequent latecomiér to W;, 1 is-a successor of either a 

task in some block of W; 4 -oF of a latecomer already in W; , 1. In cither case; by transitivity, each T 

€ W; precedes each latecomer in W; , 1. ve eee * 
Because of the preceding lemma, we are free to treat each: segment individually with respect to obtaining 
an upper bound. That is, because each task in segment W; must exccute before any task-in Wis can 
execute, we have that OPT > x =0 OPT;, where OPT is the length of aa optimal schedule fr the entire 
task system, and OPT; is the length of an optimal schedule for a task system consisting of the tasks in W;, 
(and the precedence constraints restricted to those tasks). Moreover, OG = Ere gCG;, where CG is the 
length of a Coffman-Graham schedule for the entire task system, and CG; és the length of the portion of 
the Coftman-Graham schedule under consideration restrieted to the tasks in Wie The equality follows 
because at least one task from each time unit belongs to some segment.’ In the next section we show that 
for each i, 0 $ i < p, CG,/OPT; < b, where b depends an the relationship of s and m. It follows that, 
given a particular relationship between s.and m, CG/OPT' < b.. Thus, in the remainder of the proof we 
assume that the Coffman-Graham schedule consists of a singe segment W. ‘That sogment consists of 
blocks Xq . » Xg, and.some number of latecomers. We let OPT be an optimal schedule for the tasks in 
W. 

In this section we complete the proof of the upper bound. As noted peelicia is a trivial upper 
bound on CG/OPT. This handles the case of s > m. Moreover, Geyal [Go] has shown that CG/OPT < 
3/2 if s=1 and m=2, and it has been shown [CG,LS] that CG/OPT <2 - 2/m ifs=0 and m > 2. Thus, 
we assume that s > 1 and m > 3 in the remainder of this proof. 


- The following lemma about segments is useful: 
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Lemma 5,5: If W contains blocks Xo 89 Xp then there arc at least q'Tatocemers'in W. . - 
Proof 
| We consider the procedure by which scgments are fornned, .and show that each time the 
else-clause in step 2 of that procedure is executed, .at least: one Iatccomor:is added'to W. Since the 
else-clause is executed foreach block added to W {exeept the first block), the lewima follows. 

Assume. that blocks Xo 2 XK; 41 fe already: in |W: (along witht latceomers) and that there are 
tasks T € W and T’ € X; such that T <* T" is false. Choose T so:that it has no successors in W and 
T" so that it has no. predecessors in X;. Letl = {T-€ Xj: T has. no predecessors in'Xj}. Clearly, T" € 
I. Now consider U; +1 By definition Uj +1€ W. From Lemma 5.3, U; +1 is # predecessor of each 
task in Xj. It follows from there being no:transitive: edges in:the dag for<; that when labeling U +h 
the largest |I| labels of its successors are the labels of the tasks-in I. Now consider task T. By 
definition, LABEL(T) > LABEL(U; 4) Since T has no successors in W, and T <+ T" is false, it 
follows that there is a task E ¢ W such-that LABELAE) > LABEL(U;) and-o(E) < 0(X;). Intuitively, 
the first condition holds because LABEL(E) must exceed the label of some ‘task in 1, since LABEL(T) 
> LABEL(U; 4p): The sccond condition holds since E is net in Xj. “Therefore, each time the 
elsc-clause is executed in the proccdure defining segments, at Jeast-one latecomer is added toW. = 01 

SLL) Thecaes=m:1 | 
Given a segment W, Iet a be the number of resource tasks in ‘W and Iet d be. the number of time 
units in the Coffman-Graham schedule having a resource task exccuting om processor one. 
Lemma 5,6: CG < (m OPT + a + 1)/2 
a 
From the constructions of blocks and segments it follows that for each time unit B € CG; not having a 


resource task executing on processor one, that one:of the following holds: 


1. B is the last time unit in W. 
2. B is not the final time unit of any block. This means that there are at least two tasks of W:which 
- are not latecomers and exccute in B. | 
3. Bis.the final time-unit of block X;, for some i# 9 (i.e. not the last block). This means that at 
Ieast.one latecomer was placed into’ W-when block X; / 1 was added’ to W. 2 
Note that there are CG -:d time units not having a reseurce tésk cxoputing on processor one, and for 
_ only one of these time units can item 1 (above) hold. Thus, d + YCG-d-1] +1=2CG-d-lisa 
lower bound on the number of tasks in W. Since m OPT is an upper bound on'the number of tasks in 
W, we have m OPT > 2CG-d- 1. | 
Clearly d = a-k for some k > 0, hence, m OPT > 2CG+fa-k]-1.- > 
..CG § (mOPT + a + 1)/2-k/2 
S (m OPT +a + 1/2 ee ‘i _ 0 
‘Fhree corollarics foHow directly from the proof of the above lemma: 
Corollary 5,1: If aresource task-executes on any processor other than processor one, then 
CG < (m OPT + a)/2. 
Corollary 5,2: If m OPT > 2 CG - d, then CG. < (m OPT + -a)72. 
Corollary 5.3: If any time unit with a resource task executing on processor one, has a task T €.W, 
executing on processor two, and T is not a latecomer, then CG < (m OPT + a)/2. 
To complete the proof for s = m - 1 there are three cases ‘to consider: 
Case ]: A resource task executes on a processor other than processor‘ene. | 
From Corollary 5.1, it follows that CG/OPT < (m OPT + a)/(2 OPT). But a < (m- IOPT, since 
there are only m - 1 units of resource available at-cach time unit. of OPT. — 
.'. CG/OPT <$ (m OPT + (m-1)OPFYQOPT): . 


=m-1/2 
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Case 2: Each resource task executes on processor one anda $ (m-1) OPT - 1. - 
From Lemma 5.6, CG/OPT < (m OPT + a + 1)/@2 OPT) | 
S (m OPT + (m - 1) OPTYV/Q OPT) 
 =m-1l22 
Case 3: Each resource task executes on processor one and-a = (m- 1).OPT.° 
These conditions mean that in each time unit of OPT, m-- 1 tasks require a.rcsource, and that: each 
resource task requires exactly one unit of one resource. In particular, consider the. first time unit of 
OPT. Since m > 3, (hence s. > 2), there are at least two resource ‘ate eens in that time unit. 
Let T, and T, be two such tasks. In the Coffman-Graham schedule, T) and T> both execute on 
§ seaee one, Without loss of generality, assume. that Tj: executes before Ty . There are only three 
possible reasons why T- did not cxecute with Ty in the Coffnan-Graham schedule: 
1. Due to processor constraints. That is, when T was scheduled, the only’ reason that it was not 
_ scheduled to execute with T,, was that the time unit. where T, exccutes already contained'm 
tasks. Let T, be the task which exccutes:on processor two. - It follows that LABEL{T,) > 
LABEL(T;) > LABEL(T,), and that o(T}) < o(T3) < o(T)- From: Lemma 5.3, since T and 
T, have no predecessors in W, it follows'that T; and T> ‘are ‘in-biock X,. Then, from. the 


q 


definition of blocks, T3 € X_, hence T3 € W. Thus, the time unit where T) executes has a 


q 
resource task cxecuting on processor one and a task Ty € W on processor two. Since T3 is not a 
latecomer, from Corollary 5.3, CG <(m OPT + a)42: Asin Case 1, CG/OPT < m - 1/2. 

2. Duc to precedence constraints. That is, some task T;¢'T5 had: not executed prior to time unit 
o(T}) in the Coffman-Graham schedule. ' It follows that LABEL(T)) > LABEL(T;) > 
LABEL {T) and that o(T}) < o(T3) < o(F>). As above, it follows that T3 is in W. But this is 


a contradiction, since T; must execute before T, in OPT and T, cxecutes in the-first time unit 


of OPT. 


a 
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3. Due to resource constraints, That is, some task T; cxecutes in the same ‘time unit of the 
Coffman-Graham schedule as T; and requires the ‘game: resource ‘as Ty. Wt fotfows that 
LABEL(T,) > LABEL(T4) > LABEL(T) and that @(T}¥'< o(T}) < o(T,). As above, it 
follows that T is in W. But this is a contradiction Since ‘T’ is a resource task, and it doesn’t 
execute on processor one; 
This completes the proof for the case s = mel, . — 
SLL32 The cases $m-2 
Given .a segment W, the time units of the Coffinan-Graham schedule: can be partitioned into the 
following three sets: 
F = {B€ CG: |B] = m and(WT € BYT € W and T is not.a latecomer]} 
H = {B¢ CG: B ¢ Fand (aT € BT € W and T is not a latecomer arid T is a resource task]} 
P= CG-F-H . | 
It follows that for each B ¢€ P, cither B has an idle processor or ieee is satis task in B (this extra task 
may or may not be a latecomer). The time units in F are full time units, those in H are resource time units 
and those in P neicati imsunity:. 
Lemme 5,7: If the first time unit of CG is either a full or resource time unit, then OPT > [P{ + 1. 
Proof 
Consider the partial time units of W and number them (left to right) from } to |P]. For 1 < i < |Py, let 
V; be the task executed on processor one in the time unit immediately following partial time unit i. 
Let T* be the task executed on processor onc in partiat time unit 1. “There are two observations to be 
made: 
1, T* < Vy. To sce that this is so, consider the time unit where. T* executes. Since this is a partial 
| time unit, any extra tasks in this time unit havea labcl smalicr than LABFI(V)). Since V) 


executes after time unit o(T*), for some task T executing in that time unit, T < V}. Suppose T 
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# T*. Since LABEL(T*) > LABEL(T),:and Vj is the task with the highest label that. cither T 

or T* can precede, it must be that T* < V). 
2. For 1 < 5S |P|-1, every T€ W, such that LABEL(T) > LABEL V), precedes a task R € W, 
sich thal LABEL(R) > LABEL{V; , 1° To see’ that ‘this is 30; consider any task T with 
-LABEL(T) > LABEL{V)). “If T < Vj , 1, the clair holds, so assume not.” Let T' be the task 
executed on processor one in-partial time unit }4 1. Similarly to the previdus observation, T' < 


J 
LABEL{T) > LABEL{T'). Since T' < Vj yy and T doesn’t; T must-preeede some task R with 


Vig It follows from LABEL(T) > LABFL{V)) and LABEL{V,) > LABEIAT'), that 


LABEL(R) > LABEL{¥; , 1). All that remaliis is to show ‘that R-€ 'W. IF R is in some block 
then it is in W, so assume that R is an extra task. Hfe{R) Co{X ys then: R is a latecomer to W 
{it is added no later than when block Xp is added to'W). “If ofR}&-e{Xp) then Re Xg since 
Vj 41 © Xg and LABEL(R) > LABEL(V; 4 p+ Bhis #6 a contradiction since R is:an extra task. 
Thus, R € W. | 

From the above two observations, it follows that task T* and every task T ¢ W with LABEL(T) > 

LABEL(T*), precedes a chain of at least {P| - 1 tasks'(with each task of that‘chain a member of W). 

Now consider the first time unit B, of W. There are two-cases:. 

Case ]: By is a resource time unit. 

If some task T € (B, M W) precedes task T* then T precedes a chain of at least {P| tasks, each 
of which is in W, hence OPT > {P| + 1. Thus suppose thatthere is ne such task T. Since 
there is cither an idle processor or an cxtra task in By (which ‘must fave a lower label than T*), 
when T* was scheduled there was still: room in B, for it. Since T* couldn't have been 
prevented from executing there duc to resource constraints (F* requires no resources), there 
must exist a task Q such that Q < T*. Moreover, Q € W since T* € W and T* is in the first 


partial time unit of W (i.c. Q cannot be an extra task). Henec; Q precedesa chain of at least [P| 
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tasks, each of which is.in W, hence OPT > |P} + 1... 
Case 2: B, isa full time unit. 
Let Aj, ..., An be the:tasks executing in. B,. . If each A; has.a dabel exceeding LABEL(T®) then 
there are at least m+1 tasks in W, each preceding a chain of at feast: [P} tasks, each of which is 
in W. It follows that OPT 2 [Pi+J. Thus-assume that :for some Aj,:-LABEL(A;) < | 
- LABEL{T*).. Then, identically to Case. 1,: there: exists a: task.Q-€ W, such that Q.< T*, hence 
OPT > |P| +1. ee ee eee oO 
Now we:complcte the proof of the upper bound for s < m.- 2. ‘Note that it follows from previous 
arguments, that there are-at least:m'|F|.+ {H] + 2.|P}-1 tasks.in W.. Again there are two casts to consider 
based on time unit By of the Coffman-Graham schedule: » . 
| Case 1: B, isa full of resource. time unit 3 
First note that OPT > {H{/s, m OPT > m |F| +: (Rf + 2 [Pf - 1 and that OPT > [P| + 1 (from 
Lemma 5.7). Moreover, CG = |F| + [H] + [Pl, so a | 
»mCG = [m{F| + JAl-+ 2|P]- 1] + fen DEP +-2)} + (om - HA - m + 3 
< m OPT + (m - 2) OPT + (m~- 1)s.OPT -.(m- 3) 
= [2m - 2 + s(m - 1)] OPT - (m- 3) 
< [2m -2 + s§m- 1] OPT, since m > 3. 
. .CG/OPT < (2 - 2/m) + {1 - /m). 
: Case 2: B, is a partial time unit. 
Since B, is the first time -unit.of the schedule, there are no latecomers in B).. Moreover, because it 
isa partial time unit, there must-cither be aa cxtra.task or an idic processor in By. hence [B, 1 WI 
< m- 1. Since none of the tasks in B) OW requires.a_resource, it follows that cach task in Xq : 
B, has a predecessor in B) N W. From Lemma $.3 and the masner in which latecomers are added 


to W, it follows that cach task in W - Xq has.a predecessor in X,. Then by transitivity, cach task in 
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W - B, has a predecessor in B) M W. Now consider an optimal sehiedwie for W. Such a'schedute: 

must have an idle processor in its first time unit, since. the only tasks that can execute there are. 

those in B, N W. Thus, m OPT > m |F] + fH +2 IPI _ the proof of Lemma 5.7, it follows 

that OPT > |P}. Moreover, OPT > IMs, Thus, ~~ 

= {m |F] + IAI + 2 {PQ + lm -1) tH] + - 2) (PI 
<moOPT + (m= 1)s OPT + (m-2OPT 
= [2m -2 + sm - 1)] OPT 
*. CG/OPT < (2: 2/m) + s(1-1/m) 
This completes the proof of the upper bound. 
3.12 The lower bounds 
In this section we prove that the upper bounds given in Theorems 5.1 and 5.2 are the best possible 
bounds. We concentrate on proving that the bound given in Theorem 5.2 - the processor constraint cate - 
is the best possible result. At the end of the section we indicate how to modify that proof to show that the 
upper bound given in Theorem 5.1 - the no-processor constraint case - is the best possible result. 
Lemma 5.8: If m > 2 (a processor constraint), the upper bound given in Theorem 5.2 is the best possible 
result. - -“ 
The task systems we will.use to prove this lower bound wilt consist of various Sentinations of the 
following two sets of tasks (Figure 5.3): | - 
Definition: An RES, -structure consists of: 
1. The following tasks: 
A, for 1 < v <s, where A, requires only resource v 


By; forl!<v<s,1 <j <z, where B,, requires only resource v 


Vj 


C, forl <v <s, where C, requircs only resource v 
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Figure 5.3: Two useful structures 


a) An RES, -structure. 
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b) A PREC, ,-structure. 


. 183 . 

2. The following precedence constraints: 

A, < Ay+1 and Cy <Cy iy forl s vssl 

Ay < By, )jforl<gv<slandl<j<z 

Byj <Cy 4} forl S$ vgslandl <j <z 

Definition: A PREC, structure consists of: 

1. The following tasks: 

D; for 1 <j <x, where D, requires no resources 


J 


Ex for x-y < j < xL1igks m, where Bix requires no resources 


F; for 1 <j <x, where F; requires no resources 
2. The following precedence constraints: 

Dj $ B14 forwy-l $j <x2andi<gk<m 

Bip (Fj4 pforny $ jgxl and 1 <k s m | | 
For 1 < v <s, we will refer to tasks By). Prigt By, as B,-tasks, and:for x-y Sigel we will refer to tasks 
Fir ace Eim as E;-tasks. — 
These two structures can be combined by the use of the following precedence relations: 

1. RES, < PREC, , means that A, < D) 
By «Fj forl $k $z 


C, < Fy 


2. PREC, y « RES, means that D, < Ay 
D, < By, forl <k ¢z 
F, <Cy 
These precedence relations are shown in Figure 5.4. 


Now consider possible Coffman-Graham labclings of these structures: 
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' Figure 5.4: Precedence relations between the structures 
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Figure 5.5: Bad CG labelings 
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a) A bad CG labeling of RES, whens = 3. b) A bad CG labeling of PREC, , when m= 2. 
Labels are given beside the tasks. 


Definition: 
1, A Coffman-Graham labeling of a RES, structure is a bad CG labeling ifs 
label(B,,) > label(A,) forl ¢v<¢sandl <gk¢ Zz : 
label(C,) > label(A,) forl Sv <s 
label(C,)> labeMB,,) forl <v<sandl<k<z | 
2. A Coffman-Graham labeling of a PREC, structure is a had CG labeling if: 
label(E;y) > label (D) forx-y Sj sg x-landlsgkgm : 
label(F}) > label(D)) forl<sj<x | 
label(F;) > label(E;,) for x-y $j <x-landl S<k<m 
Figure 5.5 shows examples of bad CG labelings. 
Proof of Lemma 5.8 
Assume that s > 1 and m > 2 are given. Let q, x, y and z be integers to be specified later. Consider a 
task system S* consisting of q+1 RES,-structures: RES|. ... P RES?+}, and q PREC, structures: 
PREC! ,, te PREC, Intuitively, we arrange these structures in _ stack, alternating 
RES, -structures and PREC, structures, with a RES, -structure on the top ded on the bottom of the 
stack (Figure 5.6). Formally, Resi < PREC! , ford <i <qand PREC} , < RESi+ for <i<a. 
Now consider a Coffman-Graham labeling of s in which. each. RES,-structure and each 
PREC, structure has a bad CG labeling. To sec that such a labeling exists; consider the point in the 
labcling process when labels have been assigned to the tasks in REsi +1. Assume that this is a bad 
CG labcling. Now, PREC y can have a bad: CG labeling only if the labeling algorithm assigns a 
smaller label to pi than it docs to Fi. But, this is precisely what the labeling algorithm docs since 
RES! +! has a bad CG labeling, hence label(C] +!) > tabeA} +4) and tabe(C} +) > tabet(B} £4) 
for 1 < k <z. A similar observation can be made about a bad CG labcling of RES!, given that 


PREC! y has already been assigned a bad CG labcling. ‘Thus, a Coffman-Graham labeling of S* in 
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Figure 5.6: The task system S* 
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Figure 5.7: The Coffman-Graham schedule - ~ execution of RES!, and PREC, y after eC has executed. 
The superscript i is omitted from the tasks. 


Yj 


CZ 


a Pali etl 


LAL A PIE a 


- 107 = 
‘which cach of the structures has a bad CG labeling does exist. 

The initial portion of the list (used to schedule S*) whichis formed:as a result of this labeling is: 
cl Bl-tasks, Al, ch, me A}... Ch, Bl-tasks, AL FE ph FAD}. FLL. DL.) FL. 
EL tasks, D}., ..., Fly, EL y-tasks, DL), FID! C2, ..). Beginning with C? the'pattern repeats 
for RES? and PREC? ,, then for RES and PREC3 y, and go on. 

The Coffman-Graham schedule produced from this list is as follows: Execute task cli in the 
first time unit, followed by the remainder of RES! and task Fin the next (2-+1)s time units (each 
Bl, executes alone, since label(B},) > labci(A}) and’A} precades all of the tasks that might execute 
with Bl). In the next x+y time units exccute the remainder of PREC} and task ch. This consists 
of x. time units in which two tasks execute per time unit andy ‘time-units in which in of the El -tasks 
execute per time unit. In the next (z+ 1)s time units execute the remainder of RES? and task Fi. And 
so on, The pattern repeats (Figure 5.7) until RESO*! executes in the finial (2+1)s time units. This 
Coffman-Graham scheduic has length 

CG = 1+ (z+1)s +x + y)q+ (2+ 1s. (D 

Now we want to get an upper bound on the length of an optimal’ schedule for this system. | 
There are three cases to consider based on the three parts of the lower bound given in the statement 
of Theorem 5.2. 

Case 1:s >m 

Without loss of generality assume s = m. Let z be an arbitrary integer and letx = y = q = 0. The 
task system S* consists just of RES/. From(),CG = 1 + (2+)s = sz +841 

Consider the following schedule for this task system:. In the: first's-time units cxecute the Al -tasks. In 
the next z time units, execute all of the Bl -tasks, ‘with 8. tasks: executing per time unit - one task 


requiring cach resource. Finally, execute the Cl tasks in ‘the last s‘ame units. This schedule has 


length z + 2s, hence OPT <z + 2s. 
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*, CG/OPT > (sz + s + DK(z + 2s) 
limit, _, 99 CG/OPT >'s =m. 
Cases Zand 3: s $ m1 
Consider the following condition: 
Condition 1: For 2 < i <q, if the Dé -tasks, wails and the tasks in RES!" have executed, 
then all of the following tasks can be-exccuted in the next ztime units: the B'tasks, the D!-tasks, 
the Ell tasks and the Fi !-tasks, 
Whether or not this condition holds depends upon the relative values of s;.m, x, y and z. Also, if the 
condition holds nonvacuously (i.e. q > 2), then the following also -hold: 

1. If the Al-tasks have been executed, then the B}-tasks and D!-tasks can be executed in just z 
time units. 

2. If the 19-tasks, the AT+]-tasks and the tasks in REST have been cxocuted, then all of the 
following tasks can be cxecuted in the next z time units: the B+] tacks. the E1-tasks and the 
F4-tasks. ‘ P 

Lemma 3,9: Ifs = m-1 and x > 2,.with q = X,z.= 2x and y= 0, then Condition 1 holds. . 
Proof 

First observe that y = 0 means that there are no EM] tasks for any i-l. The Bi-tasks, Di-tasks and 

FIL tasks can be exccuted in just z time units as follows (Figure 5.8): In time unit k, execute 

tasks Bi, ..., Bi. Since s = m-l, this utilizes m-1 processors in cach of the z time units. ‘The 

Di-tasks and Fi"!-tasks execute on the unused processor: the D/-tasks executing in the first 2/2 

(=x) time units and the F¥!.tasks executing in the second 2/2 (=x) time units. o 

Lemma 5,10: If s < m-2 and x is an Gsiceey wach teas 2 2and (x-1) = 0 mod m, with z = x,q =x 


and y = (m-s-2(x-1)/m, then Condition 1 holds, > 
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Figure 5.8: Execution of the tasks - Lemma 5.9. 


time units 
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Proof 

First observe that y is an integer and that there are (m-s-2)(x-1) of the E"]-tasks. The Bl-tasks, 

Ditasks, EI!-tasks and Fi] tasks, can be exccuted in just z time suis as follows (Figure 5.9): In 

time unit k, execute tasks Bi. a, Bi. Dj and FEL This utilizes s+ 2 processors, jaiving m-s-2 

processors at each time unit to exccute the Bil tasks on. These tasks are executed in time units 1 

thru 2-1 (=x-1), with m-s-2 of the E!-tasks executing per time unit. . oO 
To complete the proof of the lower bound we assume that q, x, y and z are chosen such that 
Condition 1 holds. Consider the following schedule for the task system (Figure 5.10): In the first s 
time units execute the Al-tasks. Execute the B1-tasks and D!-tasks in the next Ztime units. This is 
possible since Condition 1 holds. In the next s+1 time units execute the Cl tasks and the A?-tasks. 
Now execute the B-tasks, D2-tasks, El-tasks and F!-tasks in the next z time units. This is possible 
since Condition 1 holds. In the next s+1 time units execute the C2-tasks and the A>-tasks, Now 
execute the B>-tasks, D?-tasks, E2-tasks and F?-tasks in the next z time units. And so on. This 
pattern continues until the C4-tasks and AQ+ Litacks execute. Then exccute the B4+ l tasks, 
E%-tasks and F4-tasks in the next z time units. Again, this is possible since Condition 1 holds. 
Finally, execute the C4+] tasks in the last s time units. This schedule has length (s+z+)Dq + z+ 
2s. Thus, given s and m, provided q, x, z and y are specified so Condition 1 holds, we have: 

OPT < (s+z+q + z + 2s. (If) 

Case 2: completion: s = m-1 

Let x be an arbitrary integer with q = x, z = 2x and y = 0. By Lcmma 5.9, Condition | holds, 

and from (I), OPT < (s+2x+1)x + 2x + 2s: = 2x2 + (s+3)x ip 2s. From (D), CG = 1 + 

(Qx+1)s + x)x + Qx+ Is = 2st Ix? + 3sx +841 


.. limit, _, 99 CG/OPT = Qs + 1/2 =s + 1/2 = (ml) + 1/2 =m- 1/2. 
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_ Case 3 - completion: s < m -2 
Let x be an integer such that x->-s and (x-1) = 0 mod m, with z = x, q = x, and y = 
face aia By Lemma 5.10, Condition | holds: and:from.(H),, OPT < (s+x+1)x +x + 2s 
= x2 + (s+2)x + 2s, From (1), CG = 1+ (+18 + x + (m-s-2Xx-Iy/m)x + (x+)s = 
(22m) + CL-Wa)e? + Qs- (eit sth 
.. limit, _, ¢g CG/OPT > (2 - 2/m) + s{1 - 14m) 
This concludes the proof of Lemma 5.8, showing that the botind given in Theorem 5.2 is the best 
possible bound. 7 eee O 
"Lemma S11: If m > n (no processor constraint) then the upper, bound given in Theorem 5.3 is the best 
_. possible upper bound. 
Proof 
Consider a task system S* as described in the previous.proof, with x an integer, x > 2, 2=x, q=x and 
y=0. It follows from that proof (cquation 1) that there exists a. Coffman-Graham schedule for S*.of 
length | 
CG = 1+ (x+1)s + xx + (x4 1)s = (64 Dx? + $54 L 
From the proof of Lemma 5.10, it follows that Condition 1 hotds given these values of x, z, q and y. 
This in turn implies that equation II given there holds; heace icreetinllia toptinal) schedule for S* 
of length 
OPT <(s+x+1)x.+ x + 25 = x2 + (S+2)m +25, 
.'. CG/OPT < (s+ Dn? + 2sx +:5 + Hx? + (84+-2)x + 25} 
limit, _, 99 CG/OPT = 1+ Oo 
5.2 The implication for critical path scheduling | 
Now we consider the implication of the above results for critical path schcduling of UET task 


systems with discrete resources. Because Coffman-Graham scheduling is a subclass. of critical path 
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scheduling and UET task systems with 0-1 resources are a subclass-of UET task: systems with discrete 
resources, we have the following two lower bound results for UET- task systems with discrete resources: 
Tiescoa 53: If m > n (no processor constraint) then, inthe worst ease; CPATH/OPT can be arbitrarily 
close to 1 + 8. 
Theorem 5.4: If m > 2 (a processor constraint) then, in the worst: case, CPA'TH/OPT ean be arbitrarily 
close to m if s>m | 
m- 1/2 ifs=m-1- 
(2-2/m) + s(1-1/m) if sq m-2 
In the remainder of this section we concentrate on critieal path scheduling of systems without processor 
constraints. Similar remarks apply for critical path scheduling of systems: with processor constraints, 
except that they are complicated by the fact that the lower bound has three portions. 
The result in Theorem 5.3 can be compared-to the'resuk of Garey, et.al. [GGFY], for critical path 
‘scheduling of UET task systems with continuous resources. That result is CPATH/OPT < 1 + 173/10. 
If we let ffs, 1, ... , £,) be the best possible worst case bound for critical path scheduling of UET task 
systems with discrete resources, we have: 
l+s-$ fisn..1) S1+1%/10 GID” 
’ Several remarks can be made about equation III. 
First, regardless of the actual values of r), ... , f,, the function f is essentially a lincar fuaction in s. 
The values of fy,» F, (ie. the distribution of units of fesource among. the various resources) are 
relatively unimportant in determining the worst casc bound on CPATH/OPT. This is in sharp contrast to 
the situation for list scheduling of UET task systems with discrete resources. In that instance, the bound 
was LIST/OPT <1 + rwhere r = Z?_ 1;. There, the‘number of diffcrent resources didn't matter at 
all - only the total number of units of resource of any kind in the task system. 


Second, relatively fittke additional information about the worst case performance of critical path 
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scheduling for UET task systems with resources is to be gained by explicitly obtaining the function f. 
That is, the results on the worst case performance of critical path scheduling provided by the continuous 
model are going to be relatively close to those provided by the discrete model. These bounds are related 
by aconstant - both are bounded by linear functions of s. Again this contrasts sharply with he results of 
Chapter 3 on list scheduling. In that chapter, we saw that the list scheduling results based on the discrete 
model had a much higher information content than those based on the continuous model. Here, they do 


not. 
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61 Summary 


In the past several chaplens we have studied list and ctitical path scheduling of sae task systems 
with resources. The formal model of task systems. ule resources moist in most go she work involving 
the analy of fcheduing heuristics for these vee of systems: peau! sogtunys resources. ba is, 
there is one unit of sah resource and a task may require any portion of that one unit. We noted that 
there are some serious questions about the appropriatencss of that model in regard to certain sppieniows: 
In particular, the assumption that resources are continuous secms inappropriate for applications where 
the available quantities of each resource are small. To try to overcome these perceived shortcomings of 
the model with continuous resources, we introduced UET task systems with discrete resources. In that 
model, there are a specific number of units of cach resource, and a task may require only integral 
numbers of those units. Our hope was that performance bounds based on this model with discrete 
resources would provide substantially more information than bounds based on the model with 
continuous resources. In particular, information about the affect on performance of increasing or 
decreasing the available units of resource in the system. Morcover, we noted that depending upon the 
particular application, the presence of processor constraints was or was not appropriate. Thus, we 
investigated the worst case performance of list and critical path scheduling for four models: those with 
discrete or continuous resources and with or without processor fata: A summary of the major: 
results now known about these problems is given in Table 6.1. Of the results given there, we note that the 
two results for UET task systems with continuous resources and no processor constraints arc due to 
Garey et.al. [GGJY], and that the rest of the results are given in this thesis. 

Finally, to reiterate the remarks made in the last chapter about the relationship between the models 


with discrete and continuous resources, we found that our expectation that bounds based on the model 
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Figure 6.1: Summary of the results for UET task systems with resources. | 


LIST/OPT 2 CPATH/OPT 


sOPT/2+8/2+1 “1+17s/10 
“almost” best possible mh _. best possible 


. : : n- if 2<¢m<s4+l 
min{m, (s+ 1)OPT/2+-s/2+ 3/2} (s+m+1)/2 ifs+1¢m¢2s+1 
(4s+m+3V/4 if 2s+1¢m<¢ 88/341 
[Yao] (44 m+ 88/3415 eC 3841 
2+17s/10-(3s + 1)/m if 3s+1<¢m,m210 


| min{m, 
(m-1)sOPT/(2m) + 7(m- 1)s/(2m) + 1} 2+5s8/3-(88/3+1)/m _—_if3s+1<¢m,m< 10 


2. beat possible: < 


(2-1/m) + 1(1-1/m) 2m ifs2m 
‘best possible m-1/2 if = m-1 
— + s(1-1/m) ifs<m-2 


Unless otherwise noted, each of the above results i is an n upper cioued: 
Except where note.1, all of these results are given in this thesis. _ 
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with discrete resources would have a much higher information content than bounds based on the model 
with continuous resources, was both right and wrong. For list tepocuing. this was certainly the case - the 
results were particularly strong for the modcl with discrete resources and were eaineay weak for the 
model with continuous resources. For critical path scheduling, we found that while bounds based on the 
mode! with discrete resources should have a slightly higher information content than bounds based on the 
model with continuous resources, the additional useful information is not nearly as great as for list 
scheduling. For this reason, obtaining tight bounds for critical path scheduling of UET task systems with 
discrete resources does not appear to be a particularly important problem. 
§.2 Open Problems 

There are obviously a large number of questions which remain unanswered as-a result of this 
research. We mention only a few of the problems which we feel are the most important here. 

First, is to analyze the worst case performance of other ahGititigdigoritine with respect to the 
task system model with discrete resources. In particular, the performance of the resource decreasing 
algorithm. This is a list scheduling algorithm in which the tasks are ordered in the list according to their 


R__.,-values -- tasks with the largest Rinax Values coming first in the list. This algorithm has been 


max 
analyzed by Garey, et.al. [GGJY] for UET task systems with continuous resources and no processor 
constraints. For that model they show that RDEC/OPT < 1 + 17s/10, and that task systems and 
resource decreasing schedules for those systems exist, such that RDEC/OPT > 1 + 1.69s (where 
RDEC/OPT is the worst casc ratio of the length of a resource decreasing schedule for a task system to the 
length of an optimal schedule for that task system). Note that this is the samc upper bound as that for 
CPATH/OPT. An interesting question which might be answered via the model with discrete resources, is 
whether or not resource decreasing schedules and critical path schedules are as comparable as they appear 


based on the worst case performance bounds for UET task systems with continuous resources and no 


processor constraints. 
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Second, is to find algorithms which have a worst case performance bound substantially better than 
O(s). Consider, for instance, the scheduling of UET task systems with 0-1 resources and no processor 
constraints, Al of the scheduling alogrithms hea we have preter - list, critcal path, Coffman-Graham 
- as well as the resource decreasing algorithm (and simple variations of it), have a worst case_performance 
bound of 1 + s when applicd to these systems. An algorithm which had any kind of sublincar (in s) worst 
case performance would be a significant advance. Presumably, such an algorithm for UET task systems 
with 0-1 resources could be extended to provide a satinene algorithm for more general UE r task Pen 
with resources - either ‘niiaoiie or discrete. | | | 

Third, is the analysis of scheduling algorithms with respect to the model with discrete resources in 
other contexts. For instance, in a ‘ciel with no precedence constraint, but where task Sceaunn times 
are not restricted. In Chapter 7 we give two results on the = case cterarnaiee of list scheduling for 


that particular model. 
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Chapter 7 - Non-UET results 


In this chapter we investigate list peenlins of task sass wih resources where no precedence 
constraints exist and where task execution times are not restricted, As noted previously, this submodel i is 
one of the two major submodels uscd to investigate scheduling algorithms. a as mentioned eat, we 
note that there is not always a list schedule of optimal lena for such task systems Despite sie a aeae 
list schedules are intuitively simple. and are casy to construct, they provide the basis for most scheduling 
aisorithas for task systems of the type we siety: fee. In ne chapter we deal aremaaad with tt 
scheduling. For comparison purposes, we note that Graham [G66] has shown that ifn m>2(a processor 
constrain) then LIST/OPT < 2 - 1/m, and that this is the best posible result We also note that if m 2 
n (no processor conetrnlti): then LIST/OPT = =i, 

2.1 Continuous resources — | | 

: The only two significant results for list scheduling of task systems with ‘Seite wesc: sid a 
precedence constraints, are by Garey and Graham. They show [GG73, GG75] that if m > n (no 
processor constraint), then LIST/OPT < 1 + s and, {GG7S5], if m > 2 (a processor constraint), then 
LIST/OPT < min{(m + 1)/2, s+2 - (2s+1)/m}. Morcover, they show that both of these bounds are the 
best possible. 
12 Discrete resources 

There are no previous results about the scheduling of task systems with discrete resources and no 
precedence constraints. In this section we prove the following two results about such systems: 

| Theorem 7,1: {fm > n and s=1, then LIST/OPT < 2- Vry. Morcover, this result is the best possible. 


Theorem 7.2: Ifm > n, s=2, and f= 1, then LIST/OPT < 2- Vr}. Morcover, this result is the best 


possible. 
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There are three things to be noted about these results, . 

First, and most obvious, is that given.a system with:a single type of resource, the addition of a single 
unit of a second type of resource has no affect on the worst case performance of list scheduling. ‘This is 
somewhat surprising, and the question bribes whether this is a general phe idncann: That is, can single 
units of a third resource, a fourth resource, and so a be added to the system without affecting the worst 
case performance of list scheduling? Not siping. the answer is no. Figure 7.1 shows an example ofa 
system where the addition of a single unit of a third type of resource results in a worst case bound | 
~ exceeding 2- I/ry. | 

Second, it is interesting to note that for the special Sos of ry =f = 1, list schedules are optimal. 
As the example in Figure 7.1 shows, this phenomenon does not generalize. 

Third, we can compare these results to those for task systems with continuous resources. For 
systems with s = 1, the eas for continuous resources iidicate that LIST/OPT <2 Our results show 
that LIST/OPT < 2 - V/r). Obviously, for systems with a small sonics of units of resource, our result 
provides a somewhat better indication of the worst case performance of list scheduling. For systems with 
s = 2, our results show how significant the difference can be between the discrete and continuous bounds 
when small quantities of resources are involved. For example, if ry = 2 and a l, our bound shows that 
LIST/OPT < 3/2. The bound based on systems with continuous resources is LIST/OPT < 3. 
Moreover, if Ty = Ty = 1, then our bound indicates that list scheduling is optimal. Again the bound 
based on systems with continuous resources is LIST/OPT < 3. 

1.22 Upper bounds 

In this section we prove the two upper bounds associated with Theorems 7.1 and 7.2. In the next 

section we show that those two bounds are the best possible upper bounds. 


Note that we can prove both of the upper bounds, mercly by proving the upper bound for the. case 


Figure 7.1: An observation 


Consider a task sytem with 4 tasks and 3 resources: 


Task Execution Time Resource Requirements 
A 2 | [010] 
B 1 [f 10 0 } 
c 2 [ 101 ] 
D 2 [ 011 ] 


Wherer, = 1, = 1, =1 


An optimal schedule: A[AIBYZ 
iC{ Cc] DID) 


Time unit: 1'2'314 


A list schedule: 
Lis: (A C B D) 


Schedule: [ATAVA DIDI 
BICICYV AY, 
Time unit: LT'2131%405 


LIST/OPT = 5/491 = 1-1/r, 
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ofs = 2and ry = 1 (Theorem 7.2). From such a proof it follows immediately that the-same bound holds 
for s = 1 (Theorem 7.1). Similarly, if we show that the upper bound is achievable for the eee ofs = 1 
(Theorem 7.1), then the bound is achievable for the case of's. = 2 and ty = 1 €Theorem 7.2). Before 
proving these results, we have the following mathematical fact: 
Claim 7.): If X < D, and B > AC, with A, B, C, D, X all non-negative, then 
(XK + AVCX + B) <(D + ACD + B). 
Proof 
Assume X < Dand.B > AC. Then B- AC > 0,so 
(B- AC)X -<$ (B- AC)D 
=> BX + ACD < BD + ACX 
=> CDX + BX + ACD + AB < CDX + BD + ACX + AB 
=> (CD + BXX + A) < (CX + BXD + A) 
=> (X + A)/(CX + B) < (D + A)A(CD + B) mo, Oo 
Lemma 11: Ifm >:n,s=2 and ry=1, then LIST/OPT $2-Vry. 
Proof 
Consider any task system with two discrete resources, where Ty = land ry= 1. Let LIST be any list 
schedule for that system. Similarly to an earlier proof, for each time unit B of LIST, we Ict R,(B) = 
R(T) summed over all TEB, and Ri LIST) = = R,(B) summed over alt time units Bin LIST. There 
are several cases to consider based on the resource usage in various time units of LIST. 
Case 1: In each time unit B-of LIST, RB) =1. 
Since ry = 1, this means that LIST = OPT, hence LIST/OPT = 142- Ir). 
Case 2: In each time unit B of LIST, R,(B) > 1/2. 
Since R,(B) > 1/2, we have R,(B) > (Ty + 1)/2. Then RALIST) > (rt) + DLIST/2. But, opr 


> Ry (LIST)/r). It follows that OPT > (ry + DLIST 2/1). 
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» + LIST/OPT $ 2ny/(ty +1) = 2-2) +1) $2 Vey. 
Case 3: In some time unit B of LIST, Ry(B) < 1/2 and R.(B) = 0. 
Let F = {B € LIST: R,(B) < r,/2 and R,(B) = 0} and let BY € F, be a time unit such that 
R,(B*) = min{R,(B): Be F}. Lets = maxfo(T):'T € B*} and let f= max{o(T) +77 - 1: TE 
B*}. That is, s is the latest starting time of any task in B*-and f is-the fatest finishing time of any 
task in B*. Note that at least onc task in BY hasan exocution time-at least asdarge as f-s + 1 (in 
particular, each task which finishs at time unit f). 

Now consider any time unit B;, 1 <i¢s. There is at least one task T* in B* which did not 
execute in B; (in particular, a task starting at time unit s). Task'F* must havo been prevented from 
executing in B; by the resource constraints. In particular, since R(F*) = 0, it was prevented from 
doing so by the constraint imposed by resource 1. Thus, Rj(B;)+--Ry(T*) > F), hence, Ry(B;) + 
R,(B*) > ry. 

Similarly, consider any time unit B,, f <i < LIST and any task T.€ Bj. Task T did not 
exccute in time unit B* duc to the constraint imposed by resource -1. . Thus, R(T) + R,(B*) >r. 
hence, R,(B,) + R)(B*) > ry. 

Finally, kt d = Ry(B*) 
e= min{R ,(B)): 1<i<sorf<i < LIST} 
x=f-s+1 
y = LIST-x 
As noted earlier, at least onc task executes for at least x time units. For cach of the x time units, B,, 
s <i < f£ Ry(B) > Ry(B*). Also, y = (s- 1) + (LIST -f) and. LISF = x + y. Marcover, from 
the arguments given above c > r) -d + 1. The situation is shown in Figure 7.2a. 
.”, OPT > max{x, (dx + cy}/r)} 


= max{x, [dx + (r, -d + I)y}/ry}. 
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Figure 7.2: Resource usages in a list schedule 
Schematic: 


y time units X time units 


R,(B) > 17d +1 R,(B) > 4 


(Nir, 2X] 


a) The situation in case 3. 


Schematic: y time units Xx time units 


RB) >1,-d +1 R,(B)>d 


R,(B) = 1 


b) The situation in case 4. 
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Intuitively, OPT is at least as long as the time it takes to execute any task (and some task has an 
exccution time of at least x), and is at least as long as a schedule in which resource 1 is fully utilized 
at each time unit. There are two subcases to consider: © wy 
Subcase 1: x > [dx + (Fy -d + DyV/ry : 
It follows that x > (ry -d + Dy/(ry - d) and that LIST/OPT < (x + y)/x = 1+ y/x. Ifd = 
0, then y = 0, eae LIST/OPT = 1, so assume that d>0, Then, substituting for x, 
LIST/OPT < 1 + (1) -d)A(ry-d + 1) | 
=2-Wy-d+ 
$2-Ury since d> 0. 
Subcase 2: x < {dx + (ry -d + DyV/ry 
It follows that x < (r, - d + Iy/(r) - d) and that LIST/OPT < (x + y)Adx/ry + (ty -d + | 
1)y/r;! Morcover, since d < r}/2, it follows that (ry -d + D/ry > d/ry. 
Using Claim 7.1, with A = y, C = d/r), B = (tr, -d + Dy/ry, and D = (1, -d + YyAry -d) 
we have 
LIST/OPT < [(ry -d + DyA(ry - d) + yV(d/1 Xr) -d + DyAry - d) + (d+ Iy/ry] 
= 2-1M(r-d +1) | 
S 2-1/1; since d> 0. 
Case 4: In cach time unit B of LIST, cither R )(B)> r)/2 or R,(B) =) 
‘Let F = {Be LIST: R»(B) = 1}. Also, let B* € F, be a time unit such that R)(B*) = min{R(B): 
B € F}. Note that R 1(B*) < r,/2, since otherwise every B € LIST has R 1B) > 1/2. This was 
handled in case 2. 
Now consider any time unit B; preceding B* in LIST such that Ro(B,) = 0. Since R(B*) = 
1, there is at least one task T* in B® which does not cxccute in B;. The reason that it does not 


exccute in B; is because of the constraint imposed by resource 1. Thus, R,(B;) + R,(T*) > ry, 
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Hees R,(B;) + R(B*)> rT). 
Similarly, consider any time unit B following B* such that R4(B;) = 0. There must be a task 

T in B; which does not execute in B*. This follows because R,(B*) $12 and r)/2 < Rj (B)). 
The constraint imposed by resource 1 is the reason that T does not execute in B*. Thus, Rj (T) + 
Ry(B*) > ry, so Ry(B) + Ry(B%)> xy. | 
Finally, let d = R,(B*) 

e = min {R,(B) : R,(B) = 0} 

x = |{B¢€ LIST: R,(B) = 1} 

y = LIST-x 
Note that y = |{B: R(B) = 0}] and that LIST = x + y. Morcover, by the argument given above, 
e>1,-d + 1. The situation is shown in Figure 7.2b. 

.”. OPT > max{x, [dx + ey|/r)} 

= max{x, [dx+(r)-d+ Vyl/r)} 

As in Case 3, it follows that LIST/OPT < 2- 1/r). * im) 
2.2.3 Lower bounds 
In this section we show: 


Lemma 7,2: Ifm > nands=1, then the bound LIST/OPT < 2 - \/ry, is the best possible bound. 


Proof 
Consider a task system consisting of the following tasks: 
1. A, with r, = ry and R)(A) = 1. 
2. B; for 1 <i < ry(ry - VD, with B. = Land R,(B;) = 1. 
There are, of course, no precedence constraints. The system is shown in Figure 7.3a. Consider a 
schedule for this system gencrated from the list: (B), By, ..., Bey -1)y A). Such a schedule (Figure 


7.3b) consists of ty - 1 time units with ry B-tasks executing in cach time unit, followed by the 


Figure 7.3: The bound is achievable 


A: ta =T, Bots: Bet) 7B = 1: 
R,(A) =1 R,@) =] 


a) The task system with s = 1 and r, units of that resource. 


A list schedule: 

List: (B,B, +:: By (r,-1) A) 

Schedule: 

| pectin wit WLLL 

Time units: ri tr length = 2r,-1 
b) List schedule m4 : 
An optimal schedule: 
Fime units: length = 1, 


c) An optimal schedule 


SAg Ts 
execution of task A. This requires an additional r, time units. Thus, LIST = (rt) - 1) + 1 = 2ry - 1, 
Now consider a schedule for this task system generated from the list: (A, By, By, are Pas : 1) Such 
a schedule (Figure 7.3c) consists of Ty time units. In cach time unit, task A is executing on the first 
processor, and ry - 1 B-tasks are executing on the other processors. Thus, OPT = 1}. 


_ LIST/OPT = (2r, - Ist) = 2-V/ry. 0 
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Chapter 8 - Concurrent ‘Task Systems 


In this chapter we investigate an extension of the baile tak aed model that was discussed in 
Chapter 1. This extension allows tasks to sate more than one ‘cocaine 4 each step of their executive: 
8.1 The model 7 OS | 
Ar Gal oniemtiih eoicarenne le aaaien S=<T, <,m,© sie 

1, T= {T}, ..., Ty} is a set of tasks - associated with T; is a positive integral execution time 7}. 

2. < is a partial order specifying precedence constraints between the tasks. 

3. There arc m identical processors. 

4. CC {1, 2,..., m}. The elements of C are degrees of concurrency. 
Associated with each task T;, is a degree of concurrency q; € C. Intuitively, task T; must execute for 7; 
time units, and requires q, Processors for each of those time units. Task Tj is said to require 795 
processor units to execute. When convenient, we let dx represent the degree of concurrency of task X. 

A yalid schedule for a task system with concurrency S isa mapping 0:7 — (N - {0}) such that: 

1. For all 7 € (N - {0}), Q; S m, where Q; = % q; summing over all T; such that o(T, ) <q!I¢ 

o(T;) + 75-1. 

2. If T; < Tj. then o(T;) + 7, -1< o(T;). 
As far as performance bounds are concerned, we restrict our attention to list schedules. . Intuitively, for 
task systems with concurrency, a list schedule is one where, if m - k processors are available, the first 
unexecuted task on the list, all of whose predecessors have compicted and whose degree of concurrency 
docs not excecd m - k, is executed. More formally, a task Tj is realy at time lif for nen T; such that T; 
< Tj. o(T;) + 7) -1< 7A list schedule is a valid schedule which is generated as follows: 

1. Initially, L is an (ordered) list of the tasks in T and /is 1. 


2. While L is nonempty perform this step 
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a. Letk = 2 q; summed over all T; €L such that off) < FS o(T J +4;° L 
b. Let L' be a list of the ready tasks on L at time /, the tasks in the same order on L' as on L. 
c. While L' is nonempty and k < m perform this step 

i. Let T be the first task on L'. 

ii, far Sm-k, 

then Iet o( 1) = A letk =k + ay and remove T from L. 

iii. Remove T from L'. 
d. Let / = 1+ min {o(T,) + 1,-1: 1; € Land o(f;) + 12>}. 
Examples of a concurrent task system and a list schedule for that system are given in Figure 8.1. 

A task system with concurrency in which all tasks have the sane seacinion time (which is assumed 
to be one) is a concurrent UET task system. All of our resulis are about concurrent UET task systems. 
As with the basic UET task system model, no generality is lost ‘by restricting our attention to list 
schedules when dealing with concurrent UET task systems, since there is always a list schedule which is 
an optimal schedule. 

The task systems with concurrency model arises from several sources. A situation where one 
processor is to monitor another processor on a particular set of jobs is an cxample of a task explicitly 
Tequiring more than one processor, Morcover, with the current interest in parallel processing, the 
development of algorithms which require several processors to be simultancously devoted to a single task 
seems inevitable. Apart from computer applications, task systems with concurrency model certain 
practical situations more preciscly than standard task systems. For example, a construction company may 
want to allocate its supply of men to compicte some system of jobs. They know the number of men and 
the number of hours required to complete cach job and are interested in completing the system of jobs as 
soon as possible. This problem is naturally modeled as.a scheduling problem for a task system with 


concurrency. 
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Figure 8.1: An example of a task system with concurrency 


Al B2 

Cy Di 

| we || m = 3 processors 

E 2 Fil H 2 

. je CS {1,2..3} 
G3 I1 


The degree of concurrency of each task is given beside the task. Each task has an execution time of one. 


A list schedule: 


Lit: (HI GF E DC B A) 


Schedule: 


Time unit: 
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As is the case with several other extensions of the standard model: a task system with concurrency 
can be viewed as a restricted type of task system with: resources.’ That is, giveri a task system with 
concurrency S, consider a task system with one discrete resource and. no processor constraint. - 
Furthermore, suppose there are m (the number of -processets in: S).units of that resource available and 
each task requires a units of the resource where a €-C. This restrieted:type of task.system with discrete 
resources is equivalent to a task system with concurrency. In as-much as this relationship exists, our 
sail can be viewed as results for this. restricted type of task system with:resources. “However, we feel 
that the approach through the resource modcl is an unnatural one for the picbions wé have described 
| and that the task systems with. concurrency approach.is more instructive. We know of no-results about 
task systems with concurrency other than those presented here. . 

8.2 The complexity of concurrent UET scheduling, - 

In this section we give two NP-completeness results involving concurrent UET task systems. In 
subsequent sections other aspects of the problem are examined, based on the probable non-existence of 
polynomial time algorithms for finding optimal schedules for such:systems. 

Consider the following decision problem: 
CONCURRENCY: Given a deadline d', and a concurrent UET task system in which m is arbitrary, © - 
< is empty (ic. there are no precedence constraints) and C = {1,..., nal idbes there exist a schedule 
for the system with length not exceeding d'? * 
CONCURRENCY is stated as a decision problem, rather than as.an - optimization:praoblem, so that it is 
casily seen to be in NP. Note that any degree of concursency up to the number of processors is allowed. 
Theorem 8,1: CONCURRENCY is NP-complete. 
Proof | 


Garey and Johnson [G179] have noted that: the problem: of sehcduling task systems with arbitrary 
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execution times and no precedence constraints to meet a deadline dott p processors is NP-complete. 
That problem reduces to CONCURRENCY ‘by exchanging each execution time for an cqual degree 
of concurrency and letting d' = p and m = d. : De eee ey | a) 
Consider the following decision problem: » 
. RCONCURRENCY: Given a deadline d‘, anda concurrent UET task ayieesiv hi-which there are 3 
"processors; <* is arbitrary. and C= {1,2}, does there exisi‘a schedute for-the system with length not 
exceeding d'? | | 
It has been shown by Ullman [U75] that the following problem is‘ NP-cortiplete:' 
NOIDLE: Given a deadline d, such that n' = dm-and a UET sak ae <T, <, m> in which m and ¢: 
are arbitrary, and T= {T},..., Ty}, dogs there-Gxist a schédule for the ‘system with’ length not: 
exceeding-d? : 
Intuitively, NOIDLE asks if the specified task system can be scheduled so that no idic time cxists in the 
schedule. The remainder of this section is devoted | to showing that ‘I2CONCURRENCY ss 
‘NP-complete. The reduction given here is an adaptation of'a construction developed by Ullman [U76]. 
Theorem 8.2: 12ACONCURRENCY is NP-complete. 
Proof 
Let a UET task system S = <7, <, m> and a deadline d, sach that n = dm, be an instance of 
NOIDLE. Consider the following instance of 12?CONCURRENCY: 
1. Letd’ = 2md, and ket S' = <T", <*,3, {1.2). 
2. For cach task 'T; € 7, there arc two tasks T; and ‘T! in 7". Each has an cxccution time of onc. Let 
q, = 2.4} = land T} <' T;. Morcover, if the relation V <T; exists in S, then the relation V <" 
Tj isin S'. Call tasks T; and T: regular tasks. 


3, ‘There are 2md tasks X;, for | < i < 2md. For each i,.1 < i < 2md - 1, the precedence constraint 
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Xj <' Xj4) isin S', Furthermore, if 0 < (i- 1 mod2m) ¢m_- | then qx, = 2, Otherwise dy, 
= 1. Calleach X; a contour task. 

Note that a schedule for $' meeting the deadline d', can have no idle-time, since the schedule for S 

mecting deadline d is to have.no idle time. 

Claim: Ifa schedule of length d exists for S, then a schedule of length d' exists for S'. 

Proof 
Consider a schedule of length d for S. Consider any: time unit / in that schedule; and let Ty ee 
Tp be the tasks executed in that time unit. Then, in the schedule for S', in time unit 2m(/- 1)+i - 
execute tasks Xom( i-1) 4; and Ty; and in time unit 2m(/- 1)4+m-+i execute tasks: Xom(1 P 
1)+m+i and T, for | $ i < m. This produces a schedule for S' in which no.idle time exists. All 
that remains is to verify that no. precedence constraints are violated. Clearly naae -of the 
constraints between ‘ie contour tasks are violated and none.of the constraints of the form T' <' T 
are violated. Consider any constraint of the form V <' T'. This means that V < T in S, so V is 
executed before T in the schedule for S. Then in our constructed schedule for S', V executes 
before both T' and T. Hence, none of the precedence constraints is violated and a valid schedule 

. Of length d' exists for S'. é Q 

Claim: Ifa schedule of length d' exists for S', then a schedule of length d exists for S. 

Proof 
Consider a schedule of length d' for S'. Since d' = 2dm, contour task X; must execute in time 
unit i of the schedule. ‘The regular tasks must then exceute in. the processor units not being used 
by the contour tasks. These remaining proccssor units have a very particular distribution. The 
first m time units of the schedule cach has one processor unit available for regular tasks, the 
second a time units cach has two processor units available for regular tasks,:the third m time units 


each has. one processor unit available for regular tasks, and so on. The pattern of m time units 
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with one processor unit available and then m time units with two processor units available repeats 
itself d times. We will call the ith set of m time units band i: : This.pattcrn and the no idle time 
peat combine to force the “primed” regular: tasks to execute only during time units when 
one processor unit is available, and the “unprimed” regular ‘tasks to exocute only during time 
units when two processor units afc available, This is showh:in: Figute.$.2. : 
Therefore, the schedule for S is as follows: In time unit / of the schedule, execute the tasks 
corresponding to the m (unprimed) regular tasks executed in band 2/ of the schedule for S’. This 
schedule clcarly mects the deadline of d and since-each task in J cofresponds to an unprimed task 
in T', each. task in T is exccuted at some time unit:of the schedule. All that-rcemains is to verify 
that the precedence constraints arc not violated. Consider any precedence relation V < Tin S. 
The relations V <' T' and T' <' T are in.S’: Suppose V.and T:were executed in the same band in 
the schedule for S'. Then T' would also be executed in that band. But primed regular tasks 
must be executed in bands with only one processor unit available per time unit. Contradiction. 
- Thus, in the schedule for S', V is executed in some’band before the band that T Is cxecuted in, 
hence V is executed before T in the schedule for S. Therefore, a: valid schedule cxists forS. 0 
Finally, we note that LACONCURRENCY is obviously in NP, hence itis NP-complete. =§= = O 
We conclude this section by noting that by using a straight-forward modification of the contour tasks, it 
| can be shown that LACONCURRENCY is NP-complete for any fixed number of processors m > 3. 
8.3 Worst case bounds 
In this section we show that for concurrent UET task: systems, the ratio of the lergth of an arbitrary 
list schedule for the system to the length of an optimal schedule is bounded above by (2m-r)A(m-r+ 1), 
where r is the maximum degree of concurrency. As noted carticr, when r = 1 these systems become 
basic UET task systems. In this instance, our bound becomes 2 - 1/m, which isthe corresponding bound 


for basic systems as given by Graham [G66]. In this scction we also show that concurrent URT task 


-135- 
Figure 8.2: The schedule produced by the contour tasks and deadline 2dm. 


Time unit 


Regular tasks must execute in the cross-hatched time units -- pine tasks i in odd numbered bands and 
unprimed tasks in even numbered 
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systems exist for which the ratio of the length of a Hist schedule for this system to the length of an optimal 
schedule is si as 1d. 
83.1 An upper bound 
Theorem 83: Less oh <1 m, > be aconcurrent UET task sytem whee fr isthe thaximum n degree iat 
concurrency inc. ‘ThenLIST/OPT ¥ Qm-1)(m-r4+1)... Deas oo 2 
Proof 

Let OPT be the length of an opine schedule for Ss and ket Er be the length of an arbitrary list 
schedule for S. First we give a lower hounda on the length of ati plata sctieduite. Lat i be the length 
of a critical path in the dag for <, and kt a = 2 q; such that Tj € 7. This is the total number of 
processor units required for the actual exccution of tasks in 7. An optimal schedule must be at least as 
long as the Icngth of a critical path for the system and must be at Ieast as long as a schedule with no 
idle time for a task system requiring a processor units. ‘Thus, OPT > max(h, a/m). 

Next we give an upper bound on the length of an arbitrary list schedule. Consider any time unit / 
of the schedule which has more than r - } idle processors. Because there are at least r idle processors in 
that time unit, all unexccutcd tasks must be successors of the tasks exccuting in that time unit. Letk be . 
the highest level which has a task executing in time unit /, Since a task is only a predccessor of tasks at 
lower levels then the task’s own level, time unit / must be the last time unit during which tasks at level 
k are executed. Therefore, there are at most h time units in which moneda tr - 1 processors are idle. 
At all other time units at least m-r+1 processors must be exccuting tasks. Hence, LIST < 
h+(a-h)Am-r+ 1). 

*, LIST/OPT < [h+(a-h)/(m-r+ D]/max(h,a/m), which, by a simple case analysis, reduces to 
LIST/OPT < (2m-1)/(m-r+1). a im) 
8.3.2 A lower bound 


The remainder of this scction is devoted to showing that concurrent UET task systems cxist for 
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which there are list schedules such that the ratio of the length of the schedule is the length of an optimal 
schedule asymptotically approaches L(2m-r)/(m-r+1)4. While this is not exactly the bound derived 
above, the difference is less than one. 
Assume that m, the number of processors, and'r, the maximum degrec of concurrency are given. 
Let n be any positive integer. The following three sets of tasks will be used to construct the desired task 
systems: 
An A-structure consists of: Tasks Aj forl <i Smr+l and 1 <j <n, whereq Aj =1, 
Aj < Ai j+1 forl $jgmlandi¢gigmrtl, 
A B-structure consists of: An A-structure. 
Tasks B;, forl gi< eats with 4B, = fF, 
B)< Aj) forl Si< Lm/rdandl Si¢mrsl. 
A C-structure consists of: Tasks C;, for 1<gi< Lm/rJ, with qc; =f: 
Tasks D; for1 $ j <n, with 4D, = 1. 
C; <D, forl <i gbm/rd. 
These three structures are shown in Figure 8.3. 
Next we give the specifications for a task system for which a list schedule with the desired length 
relative to an optimal schedule exists. We Ictb = Lm/(m-r+1)4. There are two cases to consider. 
Case 1]: m/(m-r+ 1) is an integer, hence b = m/(m-t+ 1). 

Consider the following task system S = <7, <,m, ©, where r is the maximum degree of 
concurrency in C. 7 and < consist of the tasks and associated precedence constraints from one 
A-structure and b+] B-structures. ‘This system is shown in Figure 8.4a. The system consists of (b-1) 
Lm/rJ independent tasks cach with concurrency r, and = =on(m-r+ 1b = nm tasks each with 
concurrency 1. Note that these tasks with concurrency 1 form m independent chains of n tasks each, 


and that an optimal schedule requires at Icast n time units after the last task with concurrency r is 
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Figure 8.3: Sets of tasks used to construct task systems 
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b) A B-structure - the B-tasks have concurrency r, and the A-tasks have concurrency 1 
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c) A C-structure - the C-tasks have concurrency r, and the D-tasks have concurrency 1 
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Figure 8.4: A task system and two schedules - case 1 
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To simplify the figure it is assumed that m/r is an integer. The m aaa each with n tasks with 
concurrency 1, execute in the final n time units. 


b) An optimal schedule 


Time units: 


To simplify the figure it is assumed that m/r is an integer. 


.c) A “bad” schedule 
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executed, 

The following isan cota sehcdule: In the first b-1 time units execute all of the tasks with 
concurrency r by excuting Lived j “asks with concurrency, r at ouch time unit _ allowing any 
processor units not ‘teed by those tasks to be used to exccute any available tasks with concurrency 1). 
Complete the schedule by executing:the remaining tasks — lin the. fia n time units. 
The schedule is shown in Figure 8.4b. An optimal schedule thus has length b-+a-1. Call this value 

Now consider the following schedule. In the first n time units exccute the tasks in the 
A-structure, _ Then execute the tasks aaa aun -1 from one.of. sai gana acanagi by the 
tasks in the A- structure paeucieted with that B-structne. This bavi time unis. Continue by 
executing the other Wainadiwes one ata time ia a he same manner, anf all tasks are executed. The 
schedule is shown in Figure 8.4c. The td of the schedule is aslo |) = = bn+ b-I. Call this 
value LIST. i. 

*, LIST/OPT = (bn +b-1)/(n+b-1) and limit, _, 99 LIST/OPT = b. Furthermore, — 
b = mA(m-r+ 1) which is an integer. Thus, b = m/(m-r+1)+L(m-n)/(m-r+ 1)J = 
Lim+ (mayan Dd = Lament + }) : 
vs limit, Ses LIS’ T/OPT.= Lem-yy(m-r+ 1)4. | 
Case 2: mA(m-r+ tt is not an integer. 

Consider the. following task span S=<T,¢, m, O, Shee ris the cas degree of concurrency 
inC. Tand < consist of the tasks and associated constraints from ong A-structure, b- | B-structures 
and one C-structure. This is shown in Figure 8.5a. Similarly to Case 1, an optimal. schedule first. 
exccutes the tasks with concurrency r and then completes the execution of the tasks with concurrency 
1. This is shown in Figure 8.5b. An optimal schedule has length OPT = b+n. Also, there is a list 


schedule which first executes the tasks in the A-structure, then exccutes the tasks in each of the 
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Figure 8.5: A task system and two schedules - case 2 
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Time units: 


To simplify the figure it is assumed that m/r is an integer. The m chains, cach with n tasks with = 
concurrency 1, execute in the final n time units. Depending on the relative valucs of m and r, some idle 
time may exist in the final n time units. 


b) An optimal schedule 
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To simplify the figure it is assumed that m/r is an integer. 


c) A “bad" schedule 
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B-structures, and finally executes the tasks in the C-struettire:~ This ‘schedule is shown ‘in Figure 8.5c. 
Khas length LIST = = n+b(n+1) = = b+] +b. | 
oe LIST/OPT = = (n(b+ I)+b“b is and tm — 0 LIST/OPT = b+}. But avers ty) is not 
an integer. Thus, b+1 = = Lmi(m- r+))4J+1 = = L(m-1)/(m-r+ Di+l= =. 
L((m-1)+(m-r+ 1))/(m-r+ 1d. = Lom-r)/(mer+ 1)4. 
.. limit, -, o9 LIST/OPT = Loameryimcr + Da. | pa Ol oO 
84 A _ ween 2S gid 
We examine concurrent UET task systems in which C = {1,2}. As shown cartes for any fixed 
number of processors exceeding 2, the scheduling, of, wh, systems is i See In this section we 
give a polynomial. time -algorithm which produces optimal mess on lwo yo rocessrs This algorithm is 
a modification of the algorithm given by Cofivens: and. Graham Ico) which produce optimal schedules 
fit bade VET eck qseaw eee prnanork, 
Assume that S = <7, <, m, {1,2}> is a concurrent UET task system. The algorithm is.as follows: 

1. Add all transitive edges to the dag sesmctuie <. : 

2. Remove all tasks with concurrency two from this system along with Say orccedeacs scuacraints 
directly involving them. This yields a basic UET task system (i.e. without concurrency) S'= 
<T', <*".m). Cal this the undsriving swstem, ; a | 

3. Remove all transitive edges from the dag representing <', 

4. Use the Coffman-Graham algorithm to produce a list whic can be usad.to schedule 5’. 

5. Appsiil (in any order) the tasks with conicurnency two to the front of the list. This new list can be 
used to schedule S. 

Essentially, the tasks with concurrency two are removed from the original system, a schedule is found for 
the underlying system and then cach task with concurrency two is fit into that schedule as soon as all of its 


predecessors have been executed. 
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Theorem 8,4: The algorithm given above produces optimal schedules for concurrent UET task systems 
(in which each task has concurrency 1 or 2) on two processors. 
sds 
Suppose the schedule produced by this algorithm is not optimal. Let OPT be- an optimal schedule. 
Because there are only two processors, if a task with concurrency two is executed at some time unit, 
then no other task can be executed at tisk ies unit. ‘This means that the tasks with concurrency two 
can be removed from OPT, and the schedule compressed to get. a schedule for the underlying system, 
Two things should be noted about this schedule for the yedecng sioaeu 
1. Itis a valid schedule, since V <' Tin S' if and aly if there exists a (possibly empty) sequence 
of tasks P), ..., Py such that V <P, ¢.. <P, < Tia S, 
2. It is necessarily shorter than the schedule produced for the underlying system in step 4 of the 
algorithm. | res 
But an optimal schedule for the underlying system results from the list which was produced in step 4, 


hence acontradiction. 0 
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